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ABSTRACT: We study geometries produced by brane intersections preserving eight super-
charges. Typical examples of such configurations are given by fundamental strings ending
on Dp branes and we construct gravity solutions describing such intersections. The ge-
ometry is specified in terms of two functions obeying coupled differential equations and
the boundary conditions are determined by distributions of D branes. We show that a
consistency of type IIB supergravity constrains the allowed positions of the branes. The
shapes of branes derived from gravity are found to be in a perfect agreement with profiles
predicted by the DBI analysis. We also discuss related 1/4-BPS systems in M theory.
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1. Introduction

Much of the progress in string theory over the last decade was based on the improvement
in our understanding of nonperturbative objects such as D branes. Originally branes
appeared independently from the open string analysis [l and from solving equations for
closed strings [B] and latter it was realized that these two approaches gave complimentary
descriptions of the same objects [[f]. The idea of duality between open— and closed-string
pictures culminated in the discovery of AdS/CFT correspondence [} which was formulated
as an equivalence between a field theory described by open strings and a theory of closed
strings on a geometry produced by branes. D branes have also been crucial for improving
our understanding of black holes [[j]. Most of these developments emerged from a progress
in studying flat branes both in the open string picture and in supergravity.

Unfortunately curved branes are not understood as well as their flat counterparts.
One of the reasons for this gap is the fact that flat branes preserve 16 supercharges, while
the objects with curved worldvolume preserve at most half of this amount.! While in the
open string picture a dynamics of curved branes with fluxes has been studied in the past (a
prototypical example of such computation was presented in [[[5]), gravity description of such
objects is not well-developed. Extension of open/closed duality to the case of curved branes
could potentially lead to new decoupling limits and to discovery of interesting examples of
gauge/gravity pairs with lower supersymmetry.

Another motivation for finding geometries with lower supersymmetry comes from a
desire to classify intersecting branes.? Such intersections can be used to gain information
about physics of black holes (the classical example is D1-D5-P intersection used in state
counting of [[f]) or about dynamics of gauge theories at strong coupling [[[§]. It turns out
that the brane intersections are closely related to curved branes with fluxes, for example
in [[J it was demonstrated that a curved D brane with electric flux on its worldvolume
mimics behavior of fundamental strings ending on a brane. As we will see below, on the
gravity side the descriptions of the intersections and curved branes are also unified.

We will mostly be interested in branes ending on other branes and the rules for such
intersections can be derived using quantization conditions for various charges [[9]. If the
number of branes is small, their low-energy dynamics is well-described by the DBI action in

'Here we are discussing the situation in asymptotically-flat space, in AdSs x S° one can have curved
branes preserving sixteen supersymmetries and they have been studied both in the probe approximation [ﬂf

E] and in supergravity [E,@]
2See [IL4, for a review of progress in this classification.



flat space and in the past this action has been used to study various intersections. However,
as the number of branes increases, their effect on metric cannot be neglected, and one needs
to find the geometries produced by the branes. For the parallel stacks of flat branes this
task has been accomplished in [JJ], but for a generic brane intersection the relevant metrics
are not known. The goal of this paper is to derive the geometries produced by 1/4-BPS
intersections. In contrast to the traditional approach where the positions of the branes are
specified from the beginning, we will only require a certain amount of supersymmetry to
be preserved and solve the equations away from the branes. Then the brane profiles will be
derived from the consistency conditions. Thus in the closed string picture we will view D
branes as dynamical objects and this treatment is a direct counterpart of the DBI analysis
which one performs for the open strings.

We will begin by looking at a bunch of fundamental strings ending on a single stack
of D3 branes. The probe analysis for such configuration has been presented in [[[§, in
particular one finds that this setup is invariant under SO(3) x SO(5) transformations (we
will review this in section 2). It turns out that this isometry is sufficiently restrictive to
allow one to derive a gravity solution preserving 8 supercharges. Of course, a generic 1/4-
BPS geometry is not expected to have an SO(3) x SO(5) isometry group, but based on
the symmetric example, we managed to guess the relevant geometry for the general case
and the result is presented in section []. It turns out that in order to satisfy consistency
conditions coming from supergravity, the brane sources cannot be introduced arbitrarily,
but rather they should follow particular profiles, and we find these shapes to be in a perfect
agreement with results coming from the open string analysis.

This paper has the following organization. In section 2 we will review the basic ideas
of [I5] and extend their probe analysis to branes in nontrivial backgrounds. In particular,
we will find the restrictions on the trajectories of the probes coming from the dynamics of
DBI action. An M theory counterpart of the F1-D3 system contains membranes ending on
M5 branes and we will find classical solutions of the PST action which are relevant for this
case. Section 3 is devoted to geometric description of a stack of D3 branes with a single
spike and due to an enhanced symmetry of this setup, we are able to derive the appropriate
solution without making additional assumptions. In section 4 we propose a generalization
of this geometry to a situation without bosonic symmetries (and check that supergravity
equations are satisfied for this case as well) and, by requiring consistency of the equations
in the presence of sources, we find the locations of D branes. These positions are shown to
be in a perfect agreement with results of DBI analysis presented in section 2. In section
5 we use various duality chains to produce solutions of eleven dimensional supergravity
and again an agreement between consistent boundary conditions and PST analysis on the
probe side is found.

2. Curved branes in the probe approximation

The main goal of this paper is to construct geometries which describe fundamental strings
ending on D3 or D5 branes. If the number of branes (and strings) is small, the metric

is well-approximated by the flat space everywhere except for the locations of the branes.



Since D branes are dynamical objects, these locations cannot be arbitrary, but rather they
should be determined by solving equations for various fields living the worldvolume of the
branes. In this section we will recall the form of such solutions corresponding to strings
ending on D branes and we will derive the expressions for the profiles of the brane probes.
In section R.4 we will also perform a similar analysis for a membrane ending on M5 brane
in eleven dimensions.

Since we will be solving equations coming from the DBI action, the analysis of this
section pertains to a description in terms of open strings. On the other hand, the remaining
part of this paper is devoted to supergravity, which gives a picture from the point of view of
closed strings. Once these two analyses are compared, we will find a nontrivial agreement
which can be interpreted as open/closed string duality. In the decoupling limit this duality
reduces to a standard AdS/CFT.

2.1 Supersymmetric brane intersections

We begin with recalling some general facts about intersecting branes in IIB string theory.
In this theory supersymmetry transformations are parameterized by two Majorana-Weyl
spinors which have the same chirality, and it is convenient to combine them into a 32-
component real object € which satisfies a chirality projection:

€
€ = <€1> y 12 X F11€ = —€: FHELQ = —€1,2. (21)
2

Ten-dimensional flat space preserves 32 supersymmetries corresponding to arbitrary con-
stant values of €; and ey (modulo the chiral projection). By adding a brane to R*! one
breaks half of the supersymmetries and the appropriate projections are (] (see also [[L7]
for a review):

F1: I'=03®1D9), T'e =,
NS5 : ['=o03®@ ), Fe =¢, (2.2)
D2p—1): T =ickor® Loy, Te=e

Here I'(3,) is a product of gamma matrices with indices pointing along the worldvolume of
the brane. Each of the branes appearing in @) preserves 16 real supercharges and there
are two other interesting objects which have the same amount of SUSY — a plane wave
and a KK monopole:3

P: T'=128T4g), Tle=e¢,
KK: TI'=1,® P(4), T'e=c¢e. (23)
These configurations have a pure geometric nature and they do not involve fluxes.

Once the building blocks preserving half of the supersymmetries are specified, one can
start combining them to produce configurations with lower SUSY. Such supersymmetric

3To unify the description of KK monopoles in ten and eleven dimensions, we characterize the monopole
by four nontrivial coordinates rather than by 5+ 1 (or 6 + 1) worldvolume directions.



intersections are only possible if the projectors for the ingredients commute with each

other. The main example studied in this paper involves fundamental strings ending on a
D3 brane:

123456789
D3le e e (2.4)
F1 °

Looking at spinors preserved by each object:
D3 : 109 ® I'g1o3€3 = €3,

F1: 15®Doa€er = ey,

we observe that two projectors can be diagonalized simultaneously and the entire config-
uration preserves 8 supercharges. In fact, one more object can be added to this system
without breaking additional supersymmetry:

D5s6789 1 01 @ Losers9€s = €s,
so it is useful to look at the following configuration:

123456789
D3jle o @
D5 R
F1 °

(2.5)

Performing a similar analysis, one can classify all brane intersections preserving 8 super-
charges:*

(D3123, Dbsgrs9, F14), (D3123, D3145, K K2345), (D3123, D512456, NSb12789),

(D512345, D71234678, NS512349), (D71234567, F'1g, D1g)
(D512345, D516789, P1 ), (D3123, DT1456789, P1), (D14, Py)
(D512345, D11, K Ka345), (D3123, DT1234567, K Ky567). (2.6)

To construct the geometries corresponding to intersections appearing in the last two lines,
one needs to superpose harmonic functions and some of the resulting solutions are well-
known [R1. The geometries describing localized intersections presented in the first two
lines have not been written before, and our main goal is to find the appropriate metrics. It
turns out that once the description of (R.F) is known, the other configurations appearing
in (B.) can be recovered by application of various dualities, so most of our discussion will
be concentrated on (R.5) and we will come back to other configurations in section [L.7.
Finally let us comment on branes in M theory. One still has geometric objects charac-
terized by projections (R.3), and in addition there are M2 and M5 branes which preserve

“We omit the configurations which can be found by an application of S duality (e.g.
(D3123,NS5s56789, D14)).



F1

Dp

Figure 1: Two different pictures for fundamental string ending on a Dp brane: the naive configu-
ration (a) and the description in terms of spike introduced in [[I§] (b).

the following pieces of the 32-component real spinor e 23-R]:

M2: I'= F(3), T'e = €,
M5: I'=TIg), le=e

The intersections preserving 8 supersymmetries can be classified in this case as well:

(M512345, M51789(10) s M 216), (M519345, K K1234, P5 ), (K K234, M212, M234),
(M 512345, M 512367, K Kys67), (K K234, K K5678, M29(10))
(K K234, K K1256, K K3456), (M519345, K Kersg), (M212, P1). (2.7)

and we will discuss the corresponding geometries in section .

However before we start constructing supergravity solutions, it is useful to perform a
brane probe analysis. We will see that some intersections are described by curved branes
with fluxes on their worldvolumes and we will find the shapes of such branes. This analysis
will be presented both in type IIB string theory (using D3-D5-F1 system as an example)
and in M theory (where we discuss M5-M5-M2 intersection).

2.2 Bions in flat space

We begin by recalling the solution found by Callan and Maldacena [[§]. The basic idea
of that work can be summarized in the following way. Suppose one wants to describe a
fundamental string ending on Dp brane (as depicted in figure flla). This configuration is
expected to preserve eight real supercharges. An observer living on the D brane sees a
pointlike charge, so an electric field should be excited on the worldvolume of the brane.
This modifies the shape of the D brane, and the correct physical picture is given by figure b
rather than [la: the fundamental string is replaced by a curved brane with flux. Let us
review this construction in more detail.

The starting point for the analysis of [[[J] was a special embedding of Dp brane into
the ten dimensional space, so that the brane was stretched along the directions X, ... XP,



while it was also allowed to have a nontrivial profile in one of the transverse coordinate
X = XP+1. To have interesting dynamics, one also allows for a non-vanishing electric field
on the worldvolume of the brane. In the static gauge (X° = £0,... XP = ¢P) the DBI
action for Dp brane becomes

Spp = =T / dPe\/—det(G + 2ma/F)

= —T,,/dp+1§\/(1 — E?)(1+ (VX)?) + (EVX)2. (2.8)

Here electric field is defined as E; = 2wa’Fyy. Since we are looking for a static solution,
it is convenient to choose a gauge E = VA, this leads to the equations of motion for two
scalars X, A:

)

A (1—-(VAA)V,;X + (VAVX)V,;A
VA= (VAR (1 + (VX)?) + (VAVX)?

A 14+ (VX)) V;A+ (VAVX)V; X
V= (VAR (1 + (VX)?) + (VAVX)?

In [15] it was pointed out that these equations linearize it we take A = X. Moreover, in
this case the solution saturates the BPS bound since it has a very simple energy density:

dSp
= E—=F
£ OE

To summarize, the construction of [IF] gives a family of 1/4-BPS configurations which

—L=T,(1+(VX)?). (2.9)

are parameterized by one harmonic function X:

1
V2X =0, Fy=-—V,X, (2.10)

2ma/

and this function gives a location of the brane. Let us discuss the symmetries of the
problem. Since the brane is curved in one of the transverse directions, the rotations around
the brane are broken to SO(8 —p) and for a generic profile of X this is the only non-abelian
symmetry of the configuration.® However for special functions X there might be additional
symmetry coming from the worldvolume of the brane. For example, figure fla suggests an
SO(p) rotational symmetry around the string, so it is natural to consider a single spike
which is invariant under such rotations. Thus we see that the maximally symmetric spike
has an SO(8—p)xSO(p) xU(1) symmetry, in particular both D3 and D5 branes are invariant
under SO(5) x SO(3) x U(1). This symmetry will be further explored in section .

Let us now make a comment about emergence of fundamental strings. Due to nontrivial
value of the electric field, the action (R.§) sources a bulk Kalb-Ramond field even in the
linear order [Rf]. The simplest way to find the relevant coupling is to make a substitution
2ra’F — 27a’F — P[B] in (2.§) and compute the first correction:

48
5SS, = _/dengfﬁw)P[B]W

®Since the system is static, it is also invariant under time translations.



=T, / dPTLEP[B) Vi X
_7, / PHE(By + (ViX)Bypir) Vi X, (2.11)

Here P[B] is a pullback of the B field to the worldvolume of the brane.

It is interesting to look at a single spherically symmetric spike which has X = Qr—®=2),
for this configuration the coupling to the Kalb-Ramond field becomes:
6Sp = T, / dX [P By — Q(p — 2)Bypi1)] - (2.12)

As expected, in the region where the spike becomes thin (i.e. close to the origin in r
coordinate) this term sources strings stretching in (¢, X?*1) directions with a density which
is uniform in X?t! = X

2.3 Bions in brane backgrounds

In the previous subsection we recalled the description of spikes on Dp branes assuming
that these branes are placed in the flat space. In particular we observed that a single spike
attached to a D3 brane has the same SO(5) x SO(3) x U(1) symmetry as a spike attached to
D5. This leads to a natural proposal to consider these two types of branes together. In the
probe approximation superposition of branes leads to addition of their DBI actions, so the
analysis of the previous subsection goes through. However branes with different orientations
preserve different supersymmetries, so in general a combination of branes would break
SUSY completely. Of course, in the exceptional cases some SUSY is still preserved and
as we reviewed in section P.1], the combination of D3, D5 branes and fundamental strings
preserves eight supercharges. Moreover, by building configuration (R.§) from one stack
of D3 branes and one stack of D5s, we can also preserve SO(5) x SO(3) x U(1) bosonic
symmetry. In a more general case when we have several D3 and D5 branes at various
positions, the SO(5) x SO(3) symmetry would be broken, but eight supersymmetries will
still be preserved as long as the orientations of the branes are the same as in (P.5).

To probe this picture one can consider the following setup. Suppose one starts with
large number of D3 branes without strings attached to them. These branes would lead
to the modification on the geometry, and the resulting metric is well-known [B]. Then to
describe an additional D3 brane with string ending on it, one needs to solve the equations of
motion coming from the DBI action on curved background. It would be interesting to find
a profile of the spike in this case. One can also look at the D5 brane on D3 background and
solve equations in this case as well. The D branes in the geometry produced by multiple
D5’s can be analyzed in the same way. While these exercises are very straightforward,
it seems useful to outline them here since we will need to compare the results with the
outcome of computations in supergravity.

D3 spike in the geometry of D3. This case has been previously analyzed in [27], so
we will be very brief. The background geometry is given by the metric of N coincident D3



branes®:
ds® = H™'2ds} | + HY?(d2* + dy?),

Q

-1 44 *
F5:d[H dl’]—6dH, H:1+m,

Q = 4mgNd'. (2.13)

One can study dynamics of a probe D3 brane assuming that its worldvolume is described
by a profile r = 0, z = X (x1,x2,x3). In the static gauge (§o = xo, - .., {3 = z3) the induced
metric and the pullback of the RR potentials are

Gab - H71/2nab + H1/2aaXabX7 Cabcd - Hileabcd (214)

and the action governing the dynamics of the probe brane becomes:’

T:
Sp3 = —T4 / d*¢\/—det(G + 2ma’F) + 4—? / Coapeade™ (2.15)

= —Tg/d4§H1\/(1 —~ HE?)(1+ H(VX)?) + H2EVX)? + Tg/d4£H1.

One can see that equations of motion for A and X are satisfied if the relations (R.1() are
imposed.® We conclude that even in the background produced by other D3s, the spike of
D3 brane should still follow the harmonic profile in &1, ..., ;.

D5 spike in the geometry of D3. Next we put a D5 brane in the background written
above.” Using the static gauge & = zo, ..., & = y5 and writing 2 = Y (y1,...,ys), we find
the induced metric G4p and the DBI action:

Goo = —H "%, Gapy = H'? [bap + 0.X0,X], Ea=VaA,

SEBL — 3 /d6£H\/(1 — E2)(1+ (VX)2) + (EVX)2. (2.16)

While in the absence of the electric field there is no direct coupling between D5 brane
and four-form potential, in the present case we do have a nontrivial contribution to the
Chern-Simons term:

Sps = TS/

/ ~ 1 0 S
D527raF/\P[C4]— T5/d§/ dA A P[Cy]. (2.17)

vol

Here Cy is defined by the relation

Q.
3 6 [Zdz + ydy] :

A€y =% dH = —— "%
e (22 +y?)

%In this section we use the string conventions which has a different normalization of F5 compared
to standard supergravity notation. We discuss this difference in more detail in appendix H (see
also @]).,HorowStrom

"Here we again defined E; = 2ma’Fip = V;A.

8Notice that the Chern-Simons term in the action is crucial for enforcing a condition % =0.

9Such brane is relevant for the description of baryons in AdS/CFT [@] and its DBI dynamics has been
discussed in [@] Unfortunately, the coordinate system used in [@] is not very convenient for comparison
with gravity solutions, so we need an alternative derivation presented below.



In particular if we choose a convenient gauge where

5 €abcde ? dw
Ca=4Qua—, dybcde/o (w2 1 3298’

then the pullback is especially simple. Plugging this expression in (2.17), we can simplify
the Chern-Simons coupling:

S8 = 1y / de” /V L [A(Zu] +4QT; / d5¢ A9, [ / " %] .

Using the relation

X X
yadw . dw aaX

10

and dropping total derivatives from the Chern-Simons action,”” we arrive at the final

expression:

X
S8 — _1y / v A / dw(H — )]s — T / BEH — D)oo xaAB X, (2.18)
0

To summarize, the action for the D5 brane is given by a sum of (2.16) and (2.1§).
Writing equations of motion for X and A and setting A = X in the result, we find

—OxH+V(HVX)— (H -1)V*X —0xH(VX)?+ V((H - 1)VX) = 0,

X
_V(HVX) v2/ dw(H = 1) + V((H = 1)VX) = 0.
0

To simplify the second equation, we rewrite the term containing the integral in a more

transparent form!!

X X
vz/ dw(H — 1)y = V((H —1)VX) + VXV(H — 1) +/ dwV?(H —1)|,—y
0 0
= (H-1)V?X +2V(H — 1)VX — (VX)? +1)dx H.

Using this expression, one concludes that equations for X and A collapse to the same
relation:

— (1+(VX)?)0xH + HV?*X +2VHVX = 0. (2.19)

Even though this relation looks more complicated than the Laplace equation (R.1(), in
section [L.2 we will see that (R.19) has a very simple interpretation once it is rewritten in
different coordinates.

10WWe are looking for configurations where gauge potential A decays sufficiently fast as we go to infinity
on the D5 brane, so the boundary terms do not contribute.

"'Here we defined @Z'H as a derivative taken at fixed value of z. Its relation to a total derivative is given
by @Z'H =V;H — 0xHV;X. We also used the fact that H is harmonic.

,10,



D3 spike in the geometry of D5. Let us now consider probes in the geometry produced
by N coincident D5 branes:'?

ds% = H™ V2 (—dt? + dy?) + HY?(d2? + dx3), (2.20)
20 -1 ok -1 5 ok _ Q

e =H s F3_1O(dH /\dt/\dy)—gdH7 H—l‘i‘m

We begin with putting a D3 brane on this background. As one goes to infinity, the effect
of D5 branes become negligible, and in this region we expect the D3 brane to stretch along
t and x1,x9,x3. This suggests a natural static gauge which can be imposed everywhere:
€0 = ¢, & = x;. The action describing D3 brane contains the DBI piece, and, in the presence
of the electric field, there is also a Chern-Simons coupling with two-form potential. We

analyze these two terms separately starting with DBI contribution:

SEBL — —T3/d4§e_¢\/—det(G + 27/ F)

= —Tg/d4£H\/(1 — E?)(1+(VX)?) + (EVX)2. (2.21)

The evaluation of the Chern-Simons term follows the same steps as the derivation of (2.19),
so we will be brief here. If one chooses a convenient gauge for Cs:

€abe z dw
=2 — —_— 2.22
CQ Qxa 2 dxbc\/0 (’U}2+X2)2’ ( )
then up to total derivatives, the Chern-Simons action becomes:
555 = T3 / 32ma’ A P[Cy]
D
X
dw
= 2QT; [ d*¢do, | [ —2
ons [ aean, | [ 2]
X
= —Tg/d4£ {VZA/ dw(H — 1)+ (H — 1)8aA8aX} . (2.23)
0

We observe that the action for D3 brane superficially looks the same as the sum of (2.16)
and (2.1§), although the harmonic functions and the number of independent variables
appearing in these two cases are different. In spite of this differences, one can see that the
same manipulations that led to the (R.19) can be repeated here, and we conclude that for
configurations with A = X there is only one independent equation of motion:

—(1+(VX)*)0xH + HV*X +2VHVX = 0. (2.24)

D5 branes in D5 background. Finally we analyze the D5 brane in the geometry (2.2().
To do this it is convenient to describe the Ramond-Ramond field in terms of the dual six-
form potential:

Cs = H'dt A dy. (2.25)

121 this paper most of the metrics are written in the Einstein frame. However since the DBI action is
usually written in terms of the string metric, we use this frame in ()

— 11 —



Then the action for D5 brane becomes:

Sps = —T5/d5§H1\/(1 — HE?)(1+ H(VX)?)+ H2EVX)? + T5/d4§H1. (2.26)
Equations of motion are satisfied by E = VX as long as X is a harmonic function.

2.4 Spikes in M theory

In the last two subsections we discussed various configurations of branes with fluxes in type
IIB string theory. A similar analysis can be performed in M theory as well and we will
outline it here.

M theory has two fundamental objects: M2 and M5 branes. In string theory we looked
at fundamental strings ending on D brane, and the closest analog of this configuration in
eleven dimensions is a set of membranes ending on M5 brane. To preserve supersymmetry,
the branes should intersect on a line, and the third object can be added without breaking
additional supersymmetry:

12345678910
M5|eeeee
M2 )
M5 e oeoco0 o

(2.27)

Notice that one can arrive at configuration (R.27) by starting from (R.§), T dualizing along
x5 and lifting to eleven dimensions.

To analyze the dynamics of various branes in (R.27), it is convenient to start with
a metric produced by a stack of N five-branes which have the same orientation as M5
in (2:27). Then we can probe this geometry by either M5 or M5’ with M2 branes attached
to them. The M5-M2 configuration in flat space will be recovered if we set N = 0.

M5 spike in the M5 geometry. We begin with quoting geometry produced by a stack
of M5 branes [RJ]:

dsiy = H Y3 (—di® + dx3 + dw?) + H?3(d22 + dy?),
__ Q@
&y

To study dynamics of an additional M5 brane with flux we need an analog of the DBI

Fy=x«d[H 'dt Nd'z Ndw], H=1+ (2.28)

action, where instead of the one-form gauge field one has a two-form potential on the
worldvolume. Since the three-form field strength has to be self-dual, finding of such action
is a nontrivial task and there have been various proposals in the literature [24, RJ]. We

will use a formalism based on introduction of one auxiliary field a [RJ]:

SpsT = —/d6§ [\/—det(gmn + Zan) + 4(v7_ag)28maF*m"anzp5pa . (2_29)

The dynamical variable is a two-form B, and following [R5 we introduced

- 1
Emnlachabm an = 7F:;mlala' (2'30)

Vv (Va)?

1
F=2dB, F"™ =_——
6v—g
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As usual, we can fix the invariance under diffeomorphisms by choosing the static gauge
O =1t & =1, ... & = x4, & = w, but (2.29) has an additional gauge invariance and to fix
it one can make a to be any convenient function of the worldvolume coordinates (see [Rj]
for further discussion). In the present case the natural choice is @ = w. From (R.27) it
is clear that in the absence of M5’ branes we expect to have a translational invariance in
x5 = w and in time, moreover since the worldvolume of M2 always contains these two
directions, it is natural to parameterize F' in terms of a one-form w as F* = w A dt A dw.
For this set of fields the relations (.30) become

wAdt Ndw=2%dB, F=HY%0 Adt. (2.31)

Here the Hodge dual is computed using the six dimensional metric induced on the Mb

brane:
G = H 3y + H?30, X0, X = H 3G (2.32)

In our gauge the last term in (2.29) drops out and the action can be rewritten in terms of
the vector w:

Spst = — / °¢H™ /(1 + Ho?) (1 + H(VX)?) = H(wn Vi X)?.  (2:33)

The remaining part of the action comes from the direct coupling of Cg with M5 brane and

it has a very simple form:
Scg = / deH L. (2.34)

It is now convenient to perform a dualization similar to the one discussed in [BI]. To do so
we introduce two Lagrange multipliers: one to enforce the relation between w and B and
another one to make the action quadratic in w:

1
§=Scs— 5 / SSEH YV 4+ PV + /dﬁgAm(wm —2(3dB) miw), (2.35)
= —det(Jap + 20H " Pwiadly) = —(1 + HF™ wimwn) detiap. (2.36)

Notice that P is the expression which appears under the square root in (2.33), but to
simplify the discussion below we wrote it in terms of the metric g4, defined by (R.32).
Taking variation with respect to w,, and B, we find two equations:

A" = —V~ldetg g™ wy, (2.37)

A —
d <m> =0: A = /—detg dA. (2.38)

These relations allow one to eliminate wy, from the action (R.35):

1 1
§=Scs— 5 /d6§ [V(Hl - MM) —detg (HV)7 1. (2.39)
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Integrating out the auxiliary field V' and substituting the expressions for §,,, and A", we

arrive at the final action:

S = Scg — / dS¢\/—detg H-1(H-! — gmn9,, AD, A) (2.40)

::/Q%H’P—/d%ﬂHﬂl+fnvxyx1—EHVAﬂy+H%VAVXV.

This action has been encountered before (see equation (2.15)) and we showed that any
harmonic function X leads to a solution if one also sets A = X. Previously this action
arose from the analysis of D3 or D5 branes, and in the present context (R.4() can be viewed
as a DBI action for D4 branes: we started with a set of M5 and effectively did a dimensional

reduction along w.

M5’ spike in M5 geometry. We again use the metric (B.2§), however in this case it is
more convenient to use a magnetic three-form potential instead of an electric six-form:

- 3Q . A €abed ¢ dg
ng = —W 5[Zdz + de] . C3 - 3an7dybcd/0 W (241)

According to [P§] the magnetic potential couples to M5’ brane both through PST action
and through Chern-Simons term. The former coupling is accomplished by a replacement

Fabe = Fabe — Cc(jt): in (£-29), (2-30), and the latter is given by
1
&Ezi/FAC@. (2.42)

In the present context we can impose a static gauge with worldvolume coordinates (¢, w,y),
then the profile of M5’ would be described by'® z = X(y) and the induced metric becomes

goo = _H_1/37 Juw = H—1/3’ 9mn = H2/3 [nmn + 8mXanX] = Hz/ggmn' (243)

Taking into account the orientation of M2 brane given in (P-27), it is reasonable to choose
a gauge a = w and to assume that the only non-vanishing component of F* is F = = wy,.
In particular we observe that for for this class of configurations, the second term in the
PST action (R.29) does not contribute. The differential equation for w,, is given by

Wi = [g(de - c<3>)} (2.44)

tzm

and as before we will enforce this relation via Lagrange multiplier. Introducing another
multiplier to eliminate the square root as in (R.3), we find the PST action:

Sest = — / dSH(V + PV + / dEA™ (@ = [5(2dB = C)]niw), - (2.45)

P = —det(gap + 21’H*1/6(H1/6w)[a5g]) =—(1+ g™ wnwn) detgap.

13We did not look at a more general profile z = X (y, w) since configuration ) has a translational
invariance in w.
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With our choice of gauge, F A C®) = 0, so the Chern-Simons term (2:43) does not con-

tribute. We can integrate out B and w using their equations of motion:'4

H5/3A
dl =——=1]=0: A, = H?/=§0,A,

H! 1
Wm = JémnAn = —0,hA4
(=9)

and rewrite (R.45) as an action for A:

Sper —% / e [v (1 _ %‘;;) - gvl] + / BEAMECD),

X
— - [ ety =GU=§70,40,4) - [ a0, [ dcouH(y.c). (240
0

To arrive at the last term we used the following transformations:

A GECD) s = (/550 A) Tt o) _soump,a [T
6 mtz — g9 n 3! abec T Yy Om 0 (CZ + y2)5/2 ’

We observe that the action (P.46) looks similar to the sum of (B-14) and (R.1§), the dif-
ference is hidden in the harmonic function H. To derive equations of motion coming

from (R.16), (R.1§) we only used a harmonicity of H, so repeating the similar steps here
and setting A = X we arrive at the equation

~ (1+(VX)})0oxH + HV?>X +2VHVX = 0. (2.47)

2.5 Summary

Let us summarize the results of this section. We looked at geometries produced by stacks
of various branes and studied dynamics of various probe objects on such backgrounds. If
the probe branes have the same type as the objects which created geometry, then their
profiles in transverse coordinates are governed by a harmonic equation:

VX =0. (2.48)

Notice that the probe branes become parallel to the original stack only at infinity: in the
interior of the space the probes are curved (see figure f]) and they have a nonvanishing
electric field. This field is responsible for breaking eight out of 16 supersymmetries which
would be preserved by the parallel branes. We considered three examples of such setup:
D3-D3, D5-D5 systems in type IIB theory and M5-M5 configuration on M theory. In the
first two cases the worldvolume flux sources fundamental strings, while in eleven dimensions
it mimics M2 branes.

We also looked at other configurations preserving eight supercharges in ten dimensions:
they were constructed by putting D3 branes on a D5 geometry or by putting D5 branes on

M To arrive at the equation for A one should notice that etwmabcAm(dB)abc = [ 5/3gmabep (dB)abe-
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Figure 2: A probe Dp brane with electric flux in the presence of N parallel Dp branes.

a D3 geometry. In both cases the brane profiles X (x) were governed by the same nonlinear
equation

~ (1+(VX)})oxH + HV?>X +2VHVX =0, (2.49)

where H(x,X) was a harmonic function describing the background. The same equation
was found to describe a profile of M5’ brane on the M5 geometry (see (R-27)) and for future
reference we summarize the harmonic functions for the three situations:

Qs Qs Qums
X2+ x2)2’ Hps + Hrs +

HD3:1+ X2+X§’ (X2+XZ—)3/2

(2.50)
Here a subscript of x denotes the number of components of this vector. It might be
somewhat counterintuitive that positions of supersymmetric probes are described by a
nonlinear equation like (£:49): looking at configuration (P.§), one would expect that the
branes can be freely superposed. In section R.4 we will show that this expectation is correct
and equation (R.49) can be linearized by a change of variables.

Notice that not only equation (R.49) is nonlinear, it also has a term which does not
have derivatives of X, so constant X # 0 is not a solution. Thus if one starts from a
geometry produced by D3 branes and adds a probe D5 passing through some point (X, x),
then to be supersymmetric, this probe must have nontrivial electric field F; = V; X on the
worldvolume and fundamental strings must be sourced. Of course, as one goes to infinity
in x directions, (£.49) reduces to a usual Laplace equation and flat D5 branes are allowed
for any value of X. However, as we just argued, unless such brane is placed at X = 0,
it will become curved in the interior and it will have fundamental string attached to it.
This situation should be contrasted to the case of supersymmetric D3 probes which can be
placed anywhere and still remain flat.

While the discussion of the last paragraph pertains to a geometry created by a stack
of D3 branes, the same argument can be made for metrics produced by D5 and M5 branes
since the probe objects are still described by the equation (R.49).
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Once we established that the branes with fluxes are supersymmetric and they can be
superposed, it is natural to look at configurations which contain many such branes on top
of each other. As usual, when the brane charge becomes large, such stacks are expected
to modify the geometry and the remaining part of this paper is devoted to finding the
appropriate gravity solutions.

3. Single spike in IIB supergravity

In the previous section we reviewed the construction of branes with fluxes in the probe
approximation and our next task is to find the geometries which are generated by such
branes. We will start with analysis on the type IIB side and first we assume a large
bosonic symmetry which is present in the case of a single spike. Then we will be able to
derive the form of the supergravity solution and express it in terms of two functions which
obey three differential equations. In the next section we will generalize the solution to the
case of multiple spikes and discuss the boundary conditions.

3.1 Summary of the solution.

Let us consider a stack of D3 branes and a stack of fundamental strings with orientations
described in (R-5). This diagram suggest that the configuration has a rotational symmetry
between (x1,x9,x3) and between (xs,...,z9). From the point of view of brane probes
described in subsection R.3, the SO(5) symmetry is automatic, while the SO(3) symmetry
implies that in (R.10) we choose a function X which depends only on the radial coordinate
along D3 brane. Once the number of branes becomes large, the geometry is modified, but
one expects the SO(5) x SO(3) symmetry to remain unbroken. Moreover, the solution
corresponding to BPS branes is expected to be static, so we arrive at the following ansatz
for the metric:

ds? = —62Adt2 + QZBdQ% + eQCdQ?l + h”d.%'ldm'j (31)

Here and below the indices i, j are running over the three remaining coordinates and all
scalars are taken to be functions of x’. To describe a configuration of fundamental strings

ending on D3 brane, we need to have a nontrivial F5 and an electric component of the

NS-NS flux:
Hy = 2wy Adt, Fy=dfs ANdQ + dual, €. (3.2)

Here ws is a closed two-form in three-dimensional space spanned by x;. The equation of
motion'® for Fj:

d* (e?F3) = 4F5 A H3 (3.3)

implies that we should excite at least one component of this three form: F3 = dfaAd22. One
can see that the dilaton will be generated as well. While there are other fields consistent

50Qur conventions for the supergravity fields are summarized in the appendix E
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with SO(5) x SO(3) x U(1) symmetry, the set which we just described gives a consistent
truncation of type IIB supergravity: to see this one should look at a Zs symmetry which acts
by reversing the signs of all RR fields and changes the orientations of S? and S* as well.!6
It is clear that the only fields that are invariant under this Z3 and SO(5) x SO(3) x U(1)
symmetries are

Hy = 2wy Adt, Fy=dfs NdQy, Fy=dfs AdQu + dual, €°. (3.4)

One can write the equations for the Killing spinors for the geometry (B.), (B.4). These
equations are solved in the appendix [B and here we just quote the result:

ds® = et [—€3¢/2dt2—|—6_¢/2(d’02—|—U2dQ%)] +e =92 (qu? +0u2d02) +e 392 (dw+ A)?

L F 1
A= Aydu = a—, e =9, F, Fy=—-d(u*A,) AdQy + dual

PWa 4
Hy =d [62H+2¢(dw + A)] dt,  Fy = dv29,F) A dS. (3.5)

The solution is parameterized by two functions F, e® and they obey differential equations:

aw€_2¢ + U_Qav(UZavF) = 0’ (36)
u4ef2Hawei2H72¢ — (0y — Auaw)(u4’4u) = 0.

The last relation can also be rewritten in terms of the coordinates (u, v, F'):
u*Ope 2" 720 4 9, (u*Oyw) |y r = 0. (3.8)

It turns out that the equations for the Killing spinors are not sufficient to determine
F and dilaton completely. The simplest way to see this is to observe that the system (B.3)
should be applicable for the description of fundamental strings in the absence of D3 branes.
Requiring F5 and F3 to vanish, we find that F' can depend only on w, then equations (@)
and (B.7) reduce to two simple statements: H has to be a constant and the dilaton is an
arbitrary function of (u,v). Of course we do not expect the dilaton to be arbitrary for the
fundamental string, this shows that (B.6) and (B.]) do not give a complete set of equations.
In the case of fundamental string, the missing relation comes from the equation of motion
for Hj3, so one may suspect that this equation should be added for a general solution as
well.

The only nontrivial component of the equation for the Kalb-Ramond two-form is eval-
uated in the appendix [B.5:

020, [u43ue*2¢’] + 0, [v2u4&,e*2¢*2H} + u4v4Au(62H&,w&,w)]v7F =0 (3.9)

and it turns out that (B.§), (B-1), (B-9) form a complete set of equations. We postpone the
proof of this fact until subsection [L.J, here we just notice that for a fundamental string

relation (B.9) leads to a standard harmonic equation for the dilaton:

u o, {u‘laue*%} + e 2Hy™2p, [’0280672(;5] =0. (3.10)

16This symmetry was also used to restrict the ansatz in [@]
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To summarize, we have shown that for the ansatz (B.1), (B.4), the equations for the
Killing spinors can be solved to yield the result (B.§) which is parameterized by two func-
tions F,e? satisfying (B.§) and (B.7). We also argued that in general these two equations
should be supplemented by (B.9) to give a complete local description of the geometry. To
specify the unique solution, one should also impose boundary conditions at infinity and at
the points where one of the spheres contracts to zero size. To avoid repetition, we will not
discuss these boundary conditions here, but perform the analysis for more general solutions
in subsection [£.2.

3.2 Comparison with geometries dual to Wilson lines.

In the previous subsection we analyzed the geometries with SO(5) x SO(3) x U(1) symmetry.
The motivation came from studying D3 branes and fundamental strings in flat space, so the
most interesting solutions are asymptotically flat. In section .1 we saw that a combination
of D3 and F1 in flat space can preserve at most eight real supercharges, and it was precisely
such 1/4-BPS configuration that was analyzed in section .4 and in the previous subsection.
It turns out that the situation is different if space asymptotes to AdS5 x S°. In this case one
can find D3 branes with fluxes which preserve 16 supercharges [ff, §] and the set of fluxes in
the corresponding supergravity solutions is similar to (B-4) [T, [J]. The solutions described
in [[LJ] preserve twice as many supersymmetries as (B.5), and they also have a bigger set
of bosonic symmetries: SO(5) x SO(3) x U(1) is enhanced to SO(5) x SO(3) x SO(2,1).
In this subsection we discuss the relation between these two classes of geometries. We will
only present the results and the details of computations can be found in the appendix [J.
To embed the solutions of [[J with SO(5) x SO(3) x SO(2,1) symmetry into a more
general class of geometries described by (B.§), we need to recall the metric found in [[[J]:

ds? = yeS?2dHZ + yeC=?2d03 + ye=C9/240% + (dz? +dy®).  (3.11)

e
2y cosh G
The warp factors entering this expression are specified in terms of one harmonic function,
but since these relations are fairly complicated we refer to [[J] for details.

Starting from the geometry (B.11)) one can look for a change of coordinates which puts
the metric in the form (B.§). It is natural to identify the spheres in these two descriptions,
so one only needs to find the map for the remaining four coordinates. To extract time, we

write the metric on AdSs as'”

2

d
dH3 = —22dt* + . (3.12)
z

Then matching the coefficients in front of dt?, dQ3, dQ? in (B.11) and (B.5), we arrive at

the relations

e = 2265720 2 = yeH—G = 2,205-G=20 2 _ 4 G—H _ ,=2,-5+G+29 (3 13)

70One should use Poincare patch rather than global coordinates, since in derivation of (@) the spinor
was assumed to be t-independent.
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This leaves only one undetermined coordinate w and in appendix [D] we derive the expression

for its differential (D.§):

dw + Aydu = e 21 [y1/26(5_4¢)/2+¢/4]:dz + ze_2¢dac] , (3.14)

F = \/ye_¢/2(es —eG —e 0.

Equations (B.13), (B.14) allow one to recover a unique set of coordinates (u,v,w) starting
from any solution with SO(5) x SO(3) x SO(2,1) symmetry.

To give an example of a more explicit map from (z,y, z) to (u,v,w) coordinates, we
look at AdSs x S°. In this case it is convenient to parameterize x, y in terms of the radial
coordinate p on AdS and an angle  on the sphere (see [[J] for details):

x = coshpcosf, y =sinhpsinb. (3.15)

In terms of these variables one finds

1 1

e =y teosh?p, % =y tsinh®p, F =cos. (3.16)
Substituting this into (B.13), we find the expressions for u, v and e'’:
w=zsinfcoshp, v=z'tanhp, e =22cosh?p. (3.17)
Since we are discussing a solution with e? = 1, the relation (B.14) can be simplified:
dF — 0,Fdv = d(zx). (3.18)
This equation can be easily solved (F = zz + F(v)), then recalling the definition

e 21 = fpw,

we find the expression for the differential of w:

(3.19)

20 — sin 2
dw = e *dF|,, = e *d(zx) = —d < 0 = sin20 > .

4(z cosh psin 6)3
Similarly, starting from any other solution of [[J], one can use (B.13) and (B.14) to find w

as a function of (z,y, z).

To summarize, we showed that the solutions (B.11)) can be embedded into the co-
ordinate system defined by (B.5). Of course, the geometries (B.11) represent only a small
subclass of the metric discussed in this section, in particular they preserve 16 supercharges,
rather than eight which were used to construct (B.9).

3.3 Relation to non-commutative theories.

Solution (B.H) describes a geometry produced by D3 (or D5) branes with worldvolume
fluxes and similar systems have been studied in connection with non-commutative field
theories. To introduce non-commutativity on the field theory side, one turns on a constant
Kalb-Ramond field on the brane [BZ], and on the bulk side the relevant geometries have
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been constructed in [B3, B4]. In this subsection we will recover these solutions by taking a
certain limit of (B.5).
We begin with recalling that for a flat D3 brane without fluxes one has a simple

expression for e 21

Q

—2H
=14+ .
€ + (u2 + F2)?2

(3.20)
The worldvolume of the brane is parameterized by (¢, v, S?) and to zoom in on some point
on D3 one should introduce a rescaling

t=et, v=1+ev, dQ3=c%dx3 (3.21)
and send € to zero. In a more complicated case of branes with fluxes, the worldvolume
is still parameterized by (¢,v,S5?), but now the position of the brane in F-direction can
depend on v. However even in that situation the rescaling (B.21]) can be used to zoom in on
a particular point on D3, and in the limit € — 0 the brane becomes flat. To recover regular
solution from (B.J), redefinition (B.21]) should be supplemented by additional rescalings:

el =2 y=¢la, F=c'F, w=éw. (3.22)

Notice that the dilaton has a trivial € dependence, in particular this implies that 9ze® = 0.
Since we started with regular g4, the zooming procedure eliminates v-dependence from this
H ‘ ~

u7

component of the metric, then we conclude that dze™ |, 7 = 0 in the limit ¢ — 0. Similarly,

a regularity of F3 implies that

0= ({%Fg‘mﬁ = 05 [d(&jp‘a@) VAN d2XL} P : 851%‘@7@ = h(ﬂ, F) (3.23)

Let us rewrite the equations (B.6) and (B.§) in the ¢ — 0 limit:

dpe 2 + 02F|ap = 0, (3.24)
@10pe 12 1+ 95 (105 0)], 5 = 0. (3.25)
Using the relation
Osla,w = Osly p + O5F law Oplas = Osly 5 + hOplas (3.26)
and definition of e , one can simplify equation (3.24):
M9 + hdph = 0, (3.27)

To relate 22 and F', we differentiate (B.23) with respect to @ and compare the result with
an expression for dye2 i, :

8@(85F) = le{th, 8{)(8@?) = h@lgem.

Integrability condition for these two equations requires a particular combination of A and
e to be F-independent:

he 2H = hy (@) (3.28)
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Finally we can solve (B:27) and substitute the result into an F-derivative of (B:29):
e 2 = —p2(@)e2 4 ho(a),  h=ehi(a), (3.29)
0% (hae™ M) + Age M = 0. (3.30)

The functions hy and hy are not arbitrary and to find the restrictions imposed on them,
we begin with rewriting (B.23) in terms of hy:

OF —hi(W)0gF =0: F=F(@+ho,a), @w=—hv+o(F,a). (3.31)

Combining the last relation with (B.29), we conclude that A,hy = 0. Then equation for
the flux (B.9) reduces to a simple relation A,hy = 0, so we arrive at the complete solutions

for hi, he in terms of four constants g1, g}, g2, gh:

/ /

h1=g1+%, hzzgg—l—%. (3.32)

To avoid singularity at @ = 0, one must set gj = g5 = 0.
We can now rewrite the complete solution @) in terms of two constants g; and go
and a function e 2H which satisfied a Laplace equation (B.30):

2 i2
_ - 2 ar
ds? = e79/? [eH”d’ {—dig—i—e%vgdxg—i—gg <d1~)—%dF> }—i—eH (d&Q—i—ﬁQin—i——)
2

92
e 2 = —g%e%} + go, Hy;=d [e2¢(dﬁ’ - %dﬂ)} Adt, F3=vig de?H A d’x,
1 ~ ~ ~
F5 = 1 [u‘l/@ueszF} + dual, 3}25(9267211) + Age 2 = 0. (3.33)

This is precisely the geometry produced by flat D3 branes with fluxes, which was con-
structed in [B4]. The standard D3 brane corresponds to g; = 0.

To obtain the solution (B.33), we looked at a vicinity of some point on D3 brane.
Similar analysis can be performed for D5 brane as well, in this case one should introduce
a rescaling

t=et, u=ug+ e, d22 = e*dy?, et = e4eg, e = 6746(;;, ( ! > = ( N > (3.34)

and send € to zero. Assuming that we started with a regular metric, we conclude that after
taking the limit, the dilaton, e’ and Cy = —iuéAu d*y should not depend on 1, this leads
to the relation

F=cu+F(0,0): A, = ce 2, (3.35)

Rewriting the differential equations (B.€), (B.7) in terms of rescaled variables, we find two
relations

dpe 2 + AGF = 0, (3.36)

e 2H g e=2H-20 | 20-2H g =21 _ (3.37)
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The second equation can be solved in terms of a function h(?), then the first relation leads

to the Laplace equation for e2H.

e 2= 2y h(f})eQﬁ,
hoZeH + Age?H = 0. (3.38)

As before, we find that (B.9) reduces to a harmonic equation for (%) and requiring regu-
larity, we conclude that h must be a constant. This leads to the final solution describing
D5 branes in the presence of the Kalb-Ramond field:

2 ~2
s [ frn ; ; d
ds? = e~/ [6H+2¢{ — 4P +h<dﬁ + %d@) }+e—Hu3dyi+eH <d62+62d£2§+%>]
67255 — 2 —{-hBQH,

cuf L ofr
F; = —Tde A dYy + dual, (3.39)

&=
I

¢ de®® A (da n %d@) A dt,

3 = vzd(—awe_%dv + &,ezﬁdw) A dQo,

hoZe?H + Aze?H = 0. (3.40)

This solutions has been constructed in [B4] using T duality and shift.

4. General solution in ten dimensions

In the previous section we derived a geometry produced by a single spike which is attached
to either D3 or D5 brane. From the brane probe analysis of section ] we know that
such spikes can be linearly superposed and in this section we will present supergravity
solutions which describes such superpositions. Previously we had a large symmetry group
(SO(3) x SO(5) x U(1)) which allowed us to derive the solution. Unfortunately for a
general superposition of D3, D5 branes and fundamental strings we do not expect to have
any nonabelian symmetry, so it seems that one would need to find the most general static
1/4-BPS solution of type IIB supergravity. Rather than facing this complicated problem,
we will guess the solution using geometries constructed in the previous section as a guide.
In this section we will propose a very natural generalization of the solution (B.5) which has
all the required properties and then we will check that the geometry indeed preserves 8
supercharges. Then we will analyze various properties of the new solution, in particular we
will show that the new geometries have the right number of degrees of freedom to account
for all D3-D5-F1 intersections. We will also see that the regularity of the supergravity
solution requires that one can place the brane sources only on specific curves. It turns
out that this restriction coming from closed strings gives exactly the same profiles of the
branes as we derived in section J| using the open string language.
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4.1 Summary of the solution

We begin with writing a guess for the solution which generalizes (B.J) and does not rely
on having nonabelian symmetries:

ds? = el [—e3¢’/2dt2 + e*¢/2dx§] + e H=0/24y? | ~H+39/2(9, Fw + 0y Fdy)?

1 -
e = 9, F, F5 = —md [efQHeijklmaymde”kl} + dual,

1 »
Hy =d [ew(adew + adey)] dt, Py = Sd(esd Fda¥). (4.1)

Starting with this ansatz, one can solve equations for Killing spinors and show that if /" and

e? obey certain differential equations, then the geometry preserves eight supercharges,'®

and the Killing spinor € can be expressed in terms of a constant eight-component object

€0
1 3¢ . .
€ = exp Z H + 7 eo: Tywlaser8€0 = —t€g, FwP123€0 =1€y, L1160 = —60.(4.2)
As before, the solutions are parameterized by two functions F, e? which obey differential
equations:

Owe 2 + AxFlyw = 0, (4.3)
8F€72H72¢ + (Ayw)|x,p = 0.

While it seems unusual to write two equations using different variables ((z,y,w) in the
first equation and (z,y, F') in the second one), this "mixed notation” makes the relations
compact and more importantly, it is more natural for finding the positions of the branes.
Of course one can always go to a more consistent notation which uses (x,y, w) everywhere,
this can be accomplished via translation rules:

OxW Oyw

ax’w,y = aX‘Fvy - aF—waF’mﬁ ay’w,x = ay‘ch - aF—waF‘w,ya OF = 672H3w- (4-5)

As before, one also needs an equation of motion for the Kalb-Ramond field:
Aye | p 4+ Axe 2720 1 Ay (20,00, w) |5 = 0. (4.6)

4.2 Boundary conditions

So far we presented the results of local analysis which led to the conclusion that the geome-
try was parameterized in terms of two functions e?, F satisfying equations ([.3), (f.4), ({.9).
These equations were derived assuming absence of sources and if this assumption holds

18We perform this check in the appendix ﬂ while still assuming SO(5) symmetry, and an extension to
the most general case is trivial. We also notice that to arrive at (@) it is sufficient to postulate the form
of the metric and F5, while only requiring Hs to be electric and F3 to be magnetic.

9Here we introduced the Laplace operators in flat spaces: A, = Z? 8§i, Ay = Z? (9;
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everywhere, then R is the only asymptotically-flat solution.?’ To describe nontrivial
geometries we will need to introduce the branes into the system. It turns out that a consis-
tency of supergravity equations leads to strong restrictions on the positions of the branes
and we will derive these restrictions below.

The conventional way of accounting for branes in supergravity is an introduction of
sources into the equations of motion for various NS-NS or RR fields. Unfortunately this
approach is not convenient in the present context since we were solving not the equations
of motion, but rather the conditions for supersymmetry. Luckily there is an alternative
way of looking at D branes: if the metric is known, then the location of the branes can be
found by looking at the points where metric becomes degenerate. For example, a metric
produced by a stack of flat Dp branes:

ds% = H™'2dsy , + H'dx3,_, (4.7)

becomes singular at the locations of the branes (i.e. at the poles of the harmonic function
H), in particular the warp factor multiplying the worldvolume goes to zero. If positions of
the branes are characterized in this fashion, then one can still use the sourceless equations,
but impose certain boundary conditions on the warp factors. In the Einstein frame the
situation becomes slightly more complicated and depending on the value of p, the warp
factor could either go to zero or to infinity. Due to this non-universality and since we are
only interested in the case of D3 and D5 branes, it is convenient to consider these two types
of sources separately.

Geometric description of D3 branes. Near D3 brane sources it is convenient to use
coordinates (z,y, F'), then the metric becomes

ds? = efl |—e39/2a12 + e_¢/2dxg] + e =020y 4 o~ HH39/2(gF — 9, Fdx)?.

The worldvolume of the brane can be parameterized by ¢ and x;, then the brane position

(0)

i

(x), F' = f(x). In the case of a single spike (or multiple spikes
(0)

[

can be specified as y; =y
preserving SO(5) symmetry) the equation y; = y; ' (x) should be replaced by u = ugp(x)
and to describe a three-brane rather than a 741 dimensional object we must set ugp(x) = 0.

A natural generalization of this statement to the spikes without the symmetry is to require

(0)

the D3 branes to be located at constant values of y;”, so the profile should be given by

yi=y", F=fx). (4.8)

Since one expects the gradient of e to point in the directions orthogonal to D3 brane, we
conclude that in the leading order both e and w are constant along the brane worldvolume,
implying that at this order

w=w(y, F), F=F— f(x). (4.9)

20This statement is familiar in a case of D3 branes where the system (E),(@) reduces to a Laplace
equation (812: +Ay)ef2H = 0 and the sourceless solution is unique due to the maximum principle. In general
one has a more complicated elliptic system, but the sourceless solution is still expected to be unique.
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We expect that near D3 brane the dilaton remains finite and e goes to zero. In
particular this implies that e 9pe=2? goes to zero as we approach the brane, then rewriting
the equation ([L.3) in terms of (z,y, F) and taking the near-brane limit, we find

Osw OxW
. —0. 4.1
(3 3FwaF> p 0 (4.10)

Substituting the leading term in the expression for w ([.9), we find a simple harmonic
equation for f(x):

OxOx f = 0. (4.11)

Then the leading terms in ({.4) give a harmonic equation for w (notice that the dilaton is
constant in this approximation):

e P 0%0 + Ay = 0. (4.12)

Of course this equation is only satisfied away from the brane and the correct relation has

)

sources at F = 0, y; = Y Since the source is located at a point in six dimensional

space,?! it is completely characterized by one number Q:
e 2902 + Ay = —QO(F)d(y — y ). (4.13)

This coefficient should be interpreted as a number of branes in the stack.
To summarize, we started with very natural assumption about positions of D3 branes
(namely we assumed that the branes are located at fixed values of y;) and showed that

consistency of supergravity equations requires the profiles to be
y=y", F=f(x), Axf=0. (4.14)

As already mentioned, for the solutions with SO(5) symmetry no assumption is needed

and we suspect that the condition y; = yi(o) can be extracted from the equations of motion

even in the general case, but we will not discuss this further. Once the profile f(x) is

specified, the harmonic equation (4.13) allows one to recover function w in the vicinity of

D3 brane. Thus it appears that if we only have D3 sources, then the bounda(r})f conditions
0

are completely specified by the harmonic functions f,(x) and coordinates y,’ giving the
positions of the branes, and the set of charges (), characterizing the stacks.

Geometric description of D5 branes. If one looks for the geometries without singular-
ities, D3 branes are the only allowed sources. Indeed, the necessary condition for avoiding
the singularities is the requirement for the dilaton to remain finite. This condition can
only be satisfied by D3 branes: for the other two objects (D5 and fundamental strings) e?
goes to zero as we approach the branes, so the metric must be singular. However these
singularities of supergravity are resolved by string theory since D5 branes and fundamental
strings are allowed sources.

ZINotice that it is the source for e 27 = 9pw that should be localized in both y and F, this is the origin
of the theta function in (J.13).
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As one approaches D5 brane the dilaton e® goes to zero, however combination g e~ ®/?
remains finite in the limit. For the solution (1)) it means that ¥ = e+% should remain
finite as one approaches the brane. Let us rewrite the metric in terms of this function and
coordinates (z,y,w):

ds? = e H2(—3V2q12 eV 2dy2) 4 SH27V/2x2 4 e SH/2H3Y/2(9, Fdw + 8, Fdy)?.

Notice that in the vicinity of the brane e # goes to zero.
As in the case of D3 branes, we assume that the worldvolume of D5 is parameterized
by (t,y) and the profile is given by

x=x w=h(y), Ayh = 0. (4.15)

Then near the brane the function F' depends upon w and y only through their combination

F = F(x,w), w=w-—h(y). (4.16)

Then eliminating e? from ({.3), (4) and neglecting the term e=29,,e72¥ in the leading
order of ([£.4), we arrive at the relations which hold in the vicinity of D5 branes:

Ay F +e Y92 F =0,
Oy F) OyF'\ _
<3y O, F Ow 0.F) = 0.

The second equation is equivalent to harmonicity of h(y), and the first equation allows one

to recover F' once the D5 charges are known. We see a direct analogy with description of D3
branes which was discussed above: to be consistent with SUGRA equations, the sources
should be specified in terms of the harmonic profiles h,(y), positions in the transverse
directions X((IO) and charges Q.

Geometric description of strings. Although our goal is to describe strings dissolved in
D3 or D5 branes, for completeness we also mention a possibility of having a ” freestanding”
string in the geometry. As one approaches such object, e goes to zero, but e remains
finite. This implies that F(w,x,y) is finite as well, then equations ([.3), (f.4) are equivalent
to the statement that the divergent part of e 2% is w-independent. The leading contribution
to ([.6) implies harmonicity of the dilaton in the transverse directions:

e M A e ™+ Aye ™ =0, (4.17)

which is not very surprising. As usual, to describe the strings we have to add some sources
to the last equation. We see that for fundamental strings there is no issue of finding the
”profile”: since there are eight transverse coordinates, the string can only do along w
direction.
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(@) (b) (©)

Figure 3: Boundary conditions are imposed along the harmonic profiles corresponding to D3
branes (a) or D5 branes (b). One can also have freestanding strings which do not end on branes

(c).

Summary of the boundary conditions. By adding sources to the gravity equations
and analyzing consistency conditions, we found that the branes cannot be introduced ar-
bitrarily, but rather they should follow specific profiles. In particular, D3 branes can only
be stretched along the surfaces ({.14) with harmonic function f(x), while D5 branes must
follow ([.15).22 We also found that near free-standing fundamental string, the equation for
divergent part of the dilaton becomes linear (.17) and the sources can easily be added to
it:

e H A e ™ 4 Aye 0 = — Z QT6(x —X4)0(y — Ya)- (4.18)

The pictorial representation of boundary conditions is given in figure B.

In section [.§ we will show that starting from any set of allowed boundary conditions,
one can construct a unique geometry produced by corresponding brane configuration. But
first it might be useful to compare the results of this subsection with probe analysis pre-
sented in section [

4.3 Relation to the brane probes

In the previous subsection we derived two sets of boundary conditions which are consistent
with supergravity: the geometry can end either on D3 or on D5 branes. Moreover, the
profiles of such branes cannot be arbitrary, but rather they are parameterized in terms of
harmonic functions. Let us now compare these boundary conditions which brane profiles

which were derived in section .

Probes in flat space. As a warm-up we will recover the profiles discussed in subsec-
tion R.9 The flat space can be easily embedded in the solution ([.1]) by setting

F=w, *=1. (4.19)

220f course the branes also extend along time direction.

,28,



Clearly this solves all equations. Few D3 branes added to flat space can be described in two
alternative ways: one can either use an open string picture (as we did in the subsection P.9),
or one can look at the changes in the geometry produced by branes. If the number of
branes is small, we expect the metric to be flat everywhere except the small vicinity of the
branes, and the consistency of SUGRA in this vicinity leads to the restriction on the brane

profile (fL.11):
F=f(x), Axf=0. (4.20)

This consequence of closed string analysis is in complete agreement with open string re-
sult (R.10). The agreement for D5 branes works in the same way.

D3 brane in D3 geometry. Next we start with a stack of N D3 branes without world-
volume fluxes and introduce k£ additional branes. We will assume that N is large and
replace the stack of branes by the geometry that they produce, while for the k branes
we compare the DBI and SUGRA descriptions. The DBI analysis of section led to
conclusion that in the geometry

ds* = H;1/2d5§71 + H§/2(dz2 + dy?) (4.21)

the profile of the probe brane is z = X (x) with a harmonic function X. To recover the
metric of flat D3 branes from ([.1]) one has to take a dilaton to be a constant and assume
that OxF = 0:

ds® = eds3 | + e " (dF? + dy?). (4.22)

Then the SUGRA profile (f.14) with harmonic function f(x) gives a perfect agreement
with DBI analysis.

D5 brane in D3 geometry. In this case the DBI equation (2.19) looked somewhat
complicated:

— (14 (VX)?)0,Hs + H3V*X + 2VH3VX =0 (4.23)

and now we understand the reason: while the coordinates (z,y, F') are natural for describing
D3 branes, the boundary conditions for D5 branes look simpler in (z,y, w) variables, so we
need to perform a translation.

From the analysis of the previous subsection we know that supergravity requires the
profile of D5 brane to be w = h(y) with harmonic function h. To compare with ({.29) we
recall the relation:

F F
Opw = e 2 w :/ e 2R :/ Hs(z,y)dz. (4.24)

Then writing the profile of D5 in F' coordinate as F' = X (y), we arrive at the relation:

X(y)
h(y) = / Hs(z,y)dz. (4.25)
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It turns out that this relation (which is a consequence of SUGRA analysis) is equivalent
to the equation (f.23). To see this we apply the Laplace operator Ay to both sides of the
last equation:

X(y)
0= HgAyX + 8yX8yH3(X, y) + 8yX8yH3(z,y)|Z:X —|-/ AyHgdZ

= H3Ay X + 20, X0y H3(X,y) — (8y X)?0.H3(2,y)|s=x — O-Hsls—x.  (4.26)

Here we used the harmonicity of Hs ((8% + Ay)Hs(z,y) = 0) and we assumed that the
low limit of integration in ([.29) is chosen to be along the hypersurface where 9, H3 = 0.23
The last equation is exactly the same as (), so we demonstrated a perfect agreement
between the results of open string analysis and SUGRA computations in the geometry

produced by D3 branes.

Branes in D5 geometry. Can be analyzed in the same way and one would find that both
the DBI analysis and SUGRA computations require that the brane profiles are described
by harmonic functions. However these functions should be written in appropriate variables
and in particular, to recover a harmonic function governing the profile of D3 brane one
needs to rewrite (R.24) in terms of coordinates (x,y, F). This involves essentially the same
computations that were used to show that the profile ([£23) is equivalent to w = h(y) with
harmonic h.

To summarize, we compared two descriptions of D branes with fluxes: one is given by
open strings and the other one involves closed strings. At low energies the physics of open
strings is well described by the DBI action and we analyzed the 1/4 BPS solutions of such
theory on the backgrounds produced by D3 or D5 branes. In the closed string picture, the
consistency of supergravity led to restrictions on the brane profiles, and by looking at this
restrictions on D3 or D5 background, we found a perfect agreement with DBI analysis.
This provides a nontrivial check of the DBI/SUGRA duality in the 1/4 BPS sector. If one
further takes a decoupling limit, this duality reduces to a more conventional gauge/gravity
correspondence. Let us discuss the decoupling limits which are relevant in the present case.

4.4 Near-horizon limits

In this paper we have been studying the brane configurations preserving eight supersym-
metries. Our main goal was to describe branes embedded in flat space, so at infinity the
geometry approaches R%! and the number of supersymmetries is enhanced to 32. It might
also be interesting to look for geometries which asymptote to different solutions with en-
hanced symmetry (such as AdSs x S°). In particular, it is natural to ask whether solutions
with AdSs x S® asymptotics can be recovered from asymptotically-flat geometries, just like
the AdSs x S° itself is recovered from the metric produced by D3 branes.

To address this question we introduce a generalization of the near horizon limit which
would work for any asymptotically-flat solution (.1]). The decoupling limit of the geometry

ZNotice that the same choice was made in section B to derive (}.29).
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produced by D3 brane is obtained by zooming in on the vicinity of the brane [H]:

Q Q

—2H
=1
€ ™ 2+ F22  (y2+ F2)2

in particular one goes to small values of |y|. Notice that in this limit both the equation for
the harmonic function and the expression for the metric in terms of this function remain the
same. Let us start from a general solution ([L.I) and make a rescaling y — €y, then to keep
the form of the solution ([.1) unchanged, additional redefinitions should be implemented:

x=¢'%, y=ey, = EQeH, w=¢3w, t=e', F=E¢cF. (4.27)

With these changes the metric written in terms of variables with tildes looks exactly the
same as the original one. Moreover one can see that equations ([.3)—([L.g) are invariant
under such rescaling.

Starting from the metric of D3 branes and introducing a change of variables ({£.27),
one extracts the decoupling limit as € goes to zero. This can be seen by looking at the
harmonic function for that case:

e_Hzl—}—L: eH =y — QN — — Q~ . (4.28)
(y2 + F?)? (52 + F2)? (y2 + F2)?

In this limit the U(1) symmetry is enhanced to SO(2,1):

2 2 2 2 2 102 dr?
dsg = r*(—dt* + dv® + v*dQ3) + —-

d 2
5= cosh? p [—zzdt2 + z—zz] + dp? + sinh? pdQ3

and the map between the coordinates is given by
r=zcoshp, v=z 'tanhp.

For a general asymptotically flat solution ([£]), the rescaling (f.27) accompanied by
the limit € — 0 gives a new geometry with different asymptotics, but it seems impossible to
have an interesting solution with enhanced symmetry in this case (we discuss this in more
detail in the appendix ). Thus the solutions produced by the near-horizon limit ({.27)
asymptote to AdSs x S°, but they preserve only 8 supercharges. An analogous situation
has been encountered for the metrics describing a Coulomb branch [@]: they preserved
16 supercharges in asymptotically-flat space and symmetry was not enhanced in the near-
horizon region.

An alternative near-horizon limit can be defined by zooming in on a vicinity of D5
branes. By starting with asymptotically flat solution and introducing a rescaling
, X=¢€X, y= 6_15/, el = ¢4l e = e4e¢, w=ew F=¢dF,
one ends up with a new solution of ([£1)-([.4), and for € = 0 the resulting geometry has a

linear dilaton in the asymptotic region.
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4.5 Existence of the solution: perturbative proof

Let us summarize what we learned so far. Imposing the ansatz ([L.1]) and looking at super-
symmetry variations we showed that locally the geometry preserves eight supercharges if
functions F, e? satisfy (£3), ({4), (f.§). We also know that to construct nontrivial asymp-
totically flat solutions, one needs to add certain sources to these three equations, and in
subsection [1.J we showed that a consistency of supergravity requires the brane sources
to follow harmonic curves. Suppose one chooses such curves and assigns certain D3/D5
charges to them. Would this lead to a unique asymptotically flat solution? For the flat
D3 branes it is easy to show that the answer is yes: since one deals with Laplace equation,
the sources fix the solution uniquely. Moreover such solution can be easily constructed. In
a more general case we cannot solve the nonlinear equations, but one can show that any
allowed distribution of sources leads to a unique solution. We will outline the argument in
this subsection.

Our starting point is flat space which has constant dilaton (to simplify the formulas
below we will set e = 1, although this relation can be easily relaxed) and w = F. To
formulate a perturbation theory around flat space, we introduce a small parameter ¢ and
write

w=F+> Fwyp, e =14+ 'y (4.29)
k=1 =

Next we substitute these expansions into ([.3), (4)), (.6) and look at those equations
order by order in €. For the first terms we find:

6F<I>1 - Axwl = 0,
812:?1}1 + 0p®q + Ayw1 =0,
(Ay + Ax)q)l + AyxOpwy; = 0. (430)

One can combine the first two equations to write an equation for w;:
Orwy + Axwy + Ayw; =0 (4.31)
and solve it, then ®; can be determined by looking at the system:
Op®, = Ajwn, (Ay + Ax)®1 + Axdpwi = 0. (4.32)

Notice that integrability condition is satisfied due to ([.31]).

The requirement of asymptotic flatness translates into the boundary conditions for wy
and ®1: they should vanish as one goes to infinity. Thus in the absence of sources, the
maximum principle can be used to argue that w; = ®; = 0, this demonstrates that unless

the branes are put in, the flat space is the only solution of our equations. To add D3 and

D5 branes we introduce of sources to ([.31]):

Opw1 + Axwi+Aywy = ZQ (Y=ya)0(F —pa(x +ZQ (x—%a)0(F —pa(y)). (4.33)
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Notice that these sources are non-local in F' direction (they appear with 6 instead of o-
function), however the branes do lead to pointlike sources for e 2 = gpw. This justifies
interpretation of ()4 and Q)% as brane charges.

At the linear order there are no restrictions on the profiles p,, ps, but keeping in mind
the consistency of the nonlinear equations, we choose these functions to be harmonic. This
will allow us to assume that the sources are introduced only at the linearized level, and
the higher orders of perturbation theory are included just to correct this seed solution (see
below).

Now we look at the equations (f.32). The first of these equations is a first order ODE
for ®4, so it is very unnatural to introduce sources there. Introduction of sources in the
second equation is possible, but they must be F-independent for consistency:

(Ay + Ay)®1 + Aydpwr = — Y Q15(x — Xpa)d(y — yra)- (4.34)

Such sources correspond to ”freestanding” fundamental strings located at (Xpq,¥YFq), and,
as already mentioned, such objects are covered by our ansatz. Using the properties of the
Laplace equation, we conclude that for any distribution of D3, D5 and F1 sources, one
finds a unique solution (wi, ®1) in the first order of perturbation theory.

Suppose k — 1 orders in perturbation theory have been constructed. Let us look at the

terms in (£3), (E4), (E6) which multiply *:
Op®y — Ay = ULV,
6%1% + 0p®y + Aywk = \I’](f),
(Ay + A )P + Aydpwy, = Y (4.35)

The expressions in the right hand sides contain backreaction of the previous orders, but
we do not add extra sources for k > 2. Then we arrive at a Poisson equation for wy:

03wy, + Agwy + Aywy, = U — gV (4.36)

and it has a unique solution once we require wy to vanish at infinity (this is necessary for
the asymptotic flatness). The remaining two equations become

0p® = A + T (Ay + APy = —Adpwy + T, (4.37)

The integrability condition is satisfied since the three original equations ({.9), (E4), (f.4)
were compatible, so one finds a unique solution .

We see that starting from some set of D3, D5 and F1 sources and requiring the solution
to be asymptotically flat, one can construct unique perturbative expansions ([1.29) for the
dilaton and w. Since the first term in the series (w1, ®1) is regular everywhere away from the
sources, we expect all \Iléa) to be regular away form sources as well, and the same would be
true for (wy, ®;). Thus at any point away from the brane the perturbative expansions (£.29)
are well-defined. We also know that these series converge in the asymptotic region, and it
is natural to assume the convergence everywhere away from the sources. We do not give a

rigorous proof of this fact, but rather appeal to the analogy with multipole expansion. Thus
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one ends up with a geometry which solves ”vacuum” equations of type IIB supergravity
everywhere away from the location of the sources. Fortunately the vicinity of the branes
was already analyzed before, so we know that staring from harmonic p,(x) and p,(y), one
constructs a solution which is sourced by allowed D3 and D5 branes.

One can ask what would happen if the functions p, and p, were not chosen to be
harmonic. The perturbation theory can be constructed in this case as well, and the sources
would still be at F' = p(x) or F' = p(y) and SUGRA solution would be valid away from
the branes. However such "branes” are not a part of string theory: as we showed in
subsection [I.g supergravity leads to standard D3 and D5 only for harmonic profiles. We
conclude that for any other profile SUGRA is sourced by some other ”strange matter” and
since we do not want to couple string theory to external degrees of freedom, such solutions
should be declared unphysical.

To summarize, in this subsection we showed that starting from an allowed configu-
ration of sources, one can recover the complete solution ([1]) using perturbation theory,
and while this may not be useful in practice, the procedure demonstrates an existence
and uniqueness of a solution for any allowed distribution of branes. Of course, we have
developed a perturbation theory around flat space and to demonstrate an existence of the
solution with different asymptotics one should repeat the analysis for that case. For the
geometries which asymptote to AdSs x S° or a linear dilaton, one might also use the limits
discussed in the previous subsection.

4.6 Example: smeared intersection

While the general solution ([.1)) has a relatively simple form, the two functions (F,e™2%)
parameterizing it satisfy a system of nonlinear equations ({.J)-([.6), so the metric (1)) is
not very explicit. It turns out that equations ({.J)—([.6) can be solved if one assumes that
the brane sources are uniformly smeared along w (or F') direction. In this subsection we
will present such solutions.

We begin by looking at a perturbative solution discussed in the previous subsection.
The right-hand side of equation ([£.3J) contains D-brane sources and their location is shown
in figure fla. Let us now smear the branes along coordinate F (see figure f]b): this can be
accomplished by integrating over F' in (f33):%*

812:11)1 + Axwl + Aywl = - Z Q§5(y - YQ)’F - pa(X)’ + Z Qgé(x - Xa)‘F - ﬁa(y)"

The last equation can be easily solved, in particular in the region where F' > f,(x), ha(y)
one finds:

w = (‘ > Galx) +Z&a<y>>F— 2 Pa(3)8a(y) + 3 Pa(¥)9a(x) + h(x.):

Axpa(x) = —Qgé(x — Xa), AyQEa(Y) = —Q§5(y —¥a), (Dx+ Ay)h(XaY) =0. (4.38)

24SQuch procedure leads to F-independence of e =2
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(@ (b)

Figure 4: Smearing D3-D5 intersection: (a) profiles for localized D3 (red) and D5 (blue) branes;
(b) hypersurfaces corresponding to boundary conditions for smeared intersections.

By construction, function w; should vanish at infinity of (x,y) space, this implies that
h(x,y) = 0. Combining this result with zeroth order solution (w = F'), we find a relation

14 {a;@xx)] (v-am) -

It turns out that this linearized expression can be easily promoted into an exact solution
of the system ([.3))—([.): we begin with assuming the following relation:

(F=Sn0) +0(). (139

1+e€Y daly)

- %(F () + (), (4.40)

where p, P, q,q are harmonic functions in appropriate variables which are also allowed to
have pointlike sources. With this ansatz one can simplify equations ({.3), (.4) away from
the sources:

dpe 2 =0, Ope 22 =0, (4.41)

so the dilaton is a function of x and y. Finally, equation ([L.]) becomes:?>

Ay (g1 72) + GAx(g e ) = = Q4o(x — x)s(y — y). (4.42)

We conclude that the geometry is specified by four harmonic functions (p,p,q,§) and a

dilaton satisfying ({.43):
ds® = el [—63¢/2dt2 + e_‘z’/deg] + e H1=92qy? 4 e~ HH39/2(4F 4+ 2H hwdx)?

F5 = ld[;dyw] +dual, F3=—d(e* jdyw), Hs=d|e*(dF + 62IL]((”leX)] dt,

4
o _ 4(x) w av) - )

Z5We also added string sources to the right-hand side of that equation.
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Notice that function p has no effect on the geometry and function p can be eliminated by
shifting F'. Thus without loss of generality we can set p = p = 0, then the solution is
parameterized by three harmonic functions ¢, § and ¢~ 'e~2¢ which are sourced by D5, D3
branes and fundamental strings. D branes can be superposed freely, then equation ({4.49)
allows one to find the dilaton for any distribution of fundamental strings.

4.7 Other intersecting branes in IIB supergravity

The solution (1)) can be easily modified to describe other 1/4-BPS brane intersections in
IIB supergravity. While generically the metric in (1)) has no isometries (apart from time
translation which is a consequence of supersymmetry), one can also look at particular solu-
tions which are invariant under translations in some x; or y;. Starting from such solutions,
one can apply various dualities to find geometries produced by some other configuration of
intersecting branes. The branes in the resulting solutions are partially smeared, but from
the structure of the geometries it will be clear how to generalize them to the completely
localized intersections. In this subsection we will write the geometries produced by such
brane configurations.

The brane intersections preserving 8 supercharges have been classified in section P.|
and here we will give a geometric description of the configurations appearing in the first
two lines of equation (R.6). We already did it for the (D3123, D5s6789, F114) intersections
and it turns out that all other cases can be found by using various dualities:

D323 5 D323 . D512356 . D7T1235678
Db5sers9 | — | NS5se7s9 | —> | NS5s67s9 | —> | NS5s6789
F1y D1y D34s56 D545678
To3 | Tos | (4.44)
D1, D3435
D79356789 K K234
F1y D345

Let us summarize the resulting geometries.?

D1-D7-F1 solution:
ds% = el [—ewdt2 + dmﬂ +e Hdy? + e 11299, Fdw + 0y Fdy)?

1
e? = o7, Hz =d {e2¢(8dew + 8dey)] at, F, = §d(amF),
Fr=d[e?" 2d,F], Fy=dCy+ CoHs=—xI%. (4.45)

26To perform T duality, we are using conventions summarized in @] However, one should notice that
in this paper we use normalization of fluxes which is conventional in supergravity [@]7 while the T duality
rules are more natural in the string frame. Apart from the usual rescaling of the metric (ds% = €¢/2d82E),
one should also recall that F{*'"™"9) = 4p{SUGRA) - glstring) _ G(SUGRA) (g0 [Bd] and appendix [4] for
details).
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D1-D3-NS5 solution:
ds% = ef=¢ [—ez¢dt2 + dxg] +e 10dy? + e 199, Fdw + dy Fdy)*
e? =e?, F;5 = —id [e™2" td,F] + dual ~ (4.46)
Fy=—d [ew(adew + Gdey)} dt, Hs=d(id,F).
D3-D3-KK solution:
ds? = e =¢ {e2¢(—dt2 +dz?) + dx%} +e 1%dy? + e 199, Fdw + 0y Fdy)?

—|—e¢7H(du + eijamiFdxj)z,

e? =1 (4.47)

Py = —% {a[e™ 5d,F) + d[e* (@, Fdw + 0y Fdy)| dtdz} (du + €30, Fda;) + dual.

D3-D5-NS5 solution:

P — [e%dzi2 + dxg} +e 0dy3 + e (9, Fdw + 0, Fdy)?
e? =e, Fy=-dle?"3d,F], Hs=d(%d,F) (4.48)
1
Fy = —1d[e* (0 Fdw + 9y Fdy)| d* + dual.

D5-D7-NS5 solution:

ds? = efl=¢ [e%dzil + dxg] +e H=2qy? + 1199, Fdw + 0, Fdy)?
e? =t B =d[e?Ho,F], H3 = d( 3d,F) (4.49)
F = —d {e2¢(8dew + 8dey)] d’z, F3=dCy+ CyHs = — * .

In all solutions written above, F' and e® depend on appropriate numbers of x; and y; and
these functions satisfy the generalizations of equations ([.3), (E4), ([£6):

Owe "+ AgFlyw =0, 2 =0,F|yy,
Ope 1720 4 (Ayw)p.r = 0, (4.50)
Ay€72¢ + A;):€72¢72H + Ay(e2Hal'iwaxiw)|x7F = 0

The classification of boundary conditions follows the logic that was used in section [.3, and
we will not repeat that analysis here. The arguments of section [.J show that once the
brane sources are accounted for by the proper boundary conditions, the solution exists and
it is unique. The geometries involving D7 branes have the standard problem associated
with low co-dimension: for example in the case of D5-D7-NS5 intersection, the linearized
equation for w becomes

Ofwi + Axwi + w1 = =Y Q78(y — ya)0(F — pa(x)) + Y Q33(x — x4)8(F — Pa(y))
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and non-zero values of 7 lead to e~2H which logarithmically diverges at infinity. While the
argument about existence of solution still goes through, it is clear that D7 branes modify
flat asymptotics, but we will not discuss this further.

To summarize, we constructed the gravity solutions for all intersecting branes appear-
ing in the first two lines of (R.). All such solutions are characterized by two functions
satisfying coupled differential equations ([.5(). The situation with intersections in the last
line of (P.§) (which can be interpreted as branes inside branes) is slightly different. While
it is very easy to find solutions describing smeared intersections, it appears that the local-
ized intersections do not exist [Bg].2” The smeared D1-D5 intersection has a very peculiar
property: in addition to the standard flat D1, one can find more general solutions which
preserve the same amount of SUSY, but describe arbitrary profiles of ”D1-D5 string” [i(].
It would be interesting to see whether there is a similar generalization of the solutions
presented here. In the case of D1-D5 system one can also add a momentum charge to
produce geometries preserving 4 supercharges®® and it would be nice to find a counterpart
of such 1/8-BPS configurations for the setup discussed here.

5. Solutions in M theory

So far we looked at the geometries produced by D3-D5-F1 system in type IIB SUGRA.
However as we discussed in section R.4 this setup has a natural counterpart in M theory
which contains M5 and M2 branes. One can start from scratch and look for geometries
describing such M2-M5 configurations, but since we already know the type IIB solutions,
one can get eleven dimensional geometries by following the duality chains. It turns out, we
can proceed in three directions: one gives M2-M5-M5’ which was described before, and the
other two lead to M2-M2’-KK and to M5-KK-P systems. In this section we will discuss all
three cases.

Let us look at eight brane intersections which appear in (R.7). The geometries corre-
sponding to five of them can be found by superposing harmonic functions, and the remain-
ing three configurations are related to D3-D5-F1 system by the following dualities:

M2 D323 M51235(10)
TsL TsL
KKi400) | = D5567s9 — | M5g7s9(10)

M?2410) Fl14 M24(10)

TuL| (5.1)

M51234(10)
K K123(10)
Py

*"The only Dp-D(p+4) configuration for which localization is possible is D2-D6 in type ITA and the
relevant gravity solution has been constructed in @]

2The equations describing such system were written in @, @] and some particular solutions were
constructed in @, @]
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Here L labels a lift from ten to eleven dimensions. To be more precise, after T duality
and a lift one finds a smeared intersection in M theory, however as we will see below, in
some cases the unsmeared form of the solutions can be easily guessed and checked. In this
section we will discuss three eleven dimensional solutions appearing in (f.1]) and discuss
some of their properties.

5.1 M2-M5-M5’ geometry

Let us go back to the general solution (1)) and assume a translational invariance in z = ys.

Then one can perform a T duality along this direction to get the following metric in the

string frame:%?

dsia = efl | —*?dt® + dx3 + dz2] +e 1 [dyi + €2 (dF — 62H8xwdx)2]
e® = HH/2 [ = [e%(adew + Bdey)} dt,
1 y 1 .
Fy = 5 (%0, Fdayj) A dz + 57 e e 0 Py 7" (5.2)
Performing a lift to M theory,?° we find a geometry
ds?| = e 20/3 {eQH/?’ [ez‘bdsil + dx3 + dZQ} + e 4H/3 [dyi + 2P (dF — eQH(?xwdx)QH
1 17 .
Fi = 5 d(0,, Fday) A dz + 57 (2 €340 Py
+d [ez¢(3dew + adey)] Ad®sy 1. (5.3)

This solution is derived assuming translational invariance along z direction, but one can see
that this restriction can be relaxed, so we find a more general eleven dimensional geometry:

ds?| = e 20/3 {eZH/g [e%ds%l + dxi] + e 4H/3 {dyi + e29(dy Fdw + 8dey)2} }
Fi = d(idF) +d[e " dF] +d [e2¢(8dew + adey)} Ad®sy g (5.4)

The equations ([.3)—(E.§) still hold, but now both x and y are four-component vectors. To
detect the sources we look at the points where the warp factor in front of RV goes to zero.
Since there are only two types of branes in M theory, one should look for the objects whose
worldvolume is either 3— or 6-dimensional. This leads to the following three possibilities:

I. Boundary conditions for M5 branes. We assume that RY!' combines with x to
give a worldvolume of M5 brane. This implies that e® remains finite and in this case the
boundary conditions for (f.3)—(fl.4) were analyzed in section [l.9: we concluded that to
have regular branes one needs

Yi = ygo), F=f(x), Axf(x)=0. (5.5)

The only difference in the present case is the dimensionality of vectors x and y.

2980 far in this paper we have been using Einstein frame and normalization of fluxes which comes from
type 1IB supergravity @] To perform T duality one has to rewrite ) in string frame (ds% = e¢/2ds%)
and use ”stringy” normalization of fluxes: F{*"""9) = 4F{SVGEY (ee [B]] for details).

30We recall the general type IIA —M theory relation ds?; = e“)/g(dxu —-0)* + e 2%/3ds? .
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II. Boundary conditions for M5’ branes. Assuming that the worldvolume is spanned
by RY! and y, one concludes that ¥ = e+? must remain finite and the boundary condi-
tions in this case are

zi=a", w=h(y), Ayh(y)=0. (5.6)

)

Just as in the type IIB setup, one can show that the conditions (F.5), (5.6) are in a
perfect agreement with probe analysis presented in subsection P.4.

III. Boundary conditions for M2 branes. In this case the worldvolume is R!, then

e remains finite and one needs to specify the sources in ([.1§). Again the only difference

in the present case is that both x and y in ({.1§) should be understood as four-vectors.
This set of boundary conditions gives freestanding M2 branes.

Once the appropriate boundary conditions are specified, one can use the perturbative
construction discussed in subsection [L.j to argue the existence and uniqueness of M theory

solution.

5.1.1 Near-horizon limits and 1/2-BPS states in AdS, x S9

Following the logic of section [£.4, one can define the near-horizon limits by zooming in on
the vicinity of membranes or M5 branes. To arrive at solutions asymptoting to AdSy x S,
we perform a rescaling

% 1 (@ ,
M2: ds?, = e 2d? Xl ® wy_ (W ¢ _ 3,0
s11 =€ dsyg, y € s \r alg) €’e

and send € to zero. Notice that this parameter drops out from the equations ([.3)—(f.§),
so the only difference between the old and new solutions is in the boundary conditions at
infinity: both e? and e go to one for asymptotically flat space, while

Q

e’ —1, e —>7(X2+y2)3

(5.7)

for the solutions with AdS, x S” asymptotics.
To zoom in on the vicinity of M5 branes we perform the rescaling

M5: ds?, = ¢ 2d3? X = =2y, el =, F=F, w=
1,1 1,1 y Y Yy, ) )

o | P
NESH

and send € to zero. The AdS; x S* asymptotics correspond to the following boundary
conditions:

¢ —2H Q
e? —1, e — 7(}12 n F2)3/2. (5.8)

An alternative way of getting solutions with AdS; x S* asymptotics involves the near
horizon limit of M5’ branes:

ds? x % 5 e o® F
M / . d 2 — 1,1 — 2 — < — 3 ~ F -
5 51,1 2 w € w |’ y ) G_H € 6_H ) 4
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In fact, one can see that geometry (f.4) as well as equations ({.3)([.6) are invariant under
Z5 symmetry which exchanges two types of M5 branes! and allows one to get one near
horizon limit from the other:

xoy, woel el oe 720 720720 (5.9)

Generic solutions discussed in this section preserve eight supercharges, but in special
cases the supersymmetry can be enhanced. For example, the geometries produced by
parallel membranes (or by M5 branes alone) preserve 16 supercharges. The probe analysis
presented in section R.1 suggests that among asymptotically-flat geometries, these are the
only solutions with enhanced supersymmetry. However other configurations preserving
16 supersymmetries are possible, but they must have different asymptotics. In the most
interesting cases the amount of SUSY is further enhanced at infinity, so we will look at
solutions which asymptote to AdSy x ST or AdS7 x S*. The 1/2-BPS solutions for these
spaces were constructed in [0, I4] and it is easy to embed the geometries of [[I4] into the
more general setup (5.4).

First we observe that 1/2-BPS configurations in AdS, x S¢ preserve SO(2,2) x SO(4)?
symmetry,3? so to match them we will assume the rotational invariance in x and y sub-
spaces. We also assume that R%! is promoted into AdSs:
dz?

5 -

dH3 = —2%ds? | + —5- (5.10)
’ 2

Then one can easily embed the solutions of [i4] into the general form (f.4) (similar task
for type IIB geometries was accomplished by equations (B.13), (B.14)), and it appears that
among these solutions only AdS, x ST and AdS; x S* can be obtained as some near-horizon
limits of asymptotically-flat geometries.

5.2 Smeared M2-M2’-KK intersection

For an alternative dualization we assume that nothing depends on z = 3, then T duality
along that direction gives a type IIA solution and a further lift produces a geometry in
M theory. To find the type IIA description in terms of F (rather than dual six-form), it
is convenient to find a more explicit four-form RR potential corresponding to ({.1)). Such
potential obeys an equation:

1 1
dC4 — —Z(d ‘|‘>{0 d) [G_ZH ;dyF] + ZCQ A\ H3

= 14 [e2H td, F]

1
—i (740 §d [ 3d, F) + ;0 Fda’ A d [0, Fdw + 9y Fdy)| ) dt dz
= —id [e™2H rd, F] — iGg Adt dz. (5.11)

31Notice that this is the symmetry of equations, and while it is broken by individual solutions, it can be
used to relate different geometries.

32There are also solutions with SO(6) x SO(3) symmetry [E], but they do not correspond to intersecting
branes and thus do not fit into the ansatz (p.4).
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This relation defines a useful three-form G35 and eight dimensional Hodge dual appearing
in it is taken with respect to the string metric:

dsg = efdx3 + e H [dyg + 2?(dF + eQH(?xwdx)Z] .
Now it is easy to dualize ([.]) along z direction:

ds?y = et {—ewdt2 + dx%] +e {dy% + dz® + €2*(dF + 62H6dex)2}
¥ = TR By —d[epdhFda'],  Hy = d|e*(9,Fdw + dyFdy)| d,
Fy = -Gy Adt, Fs=—d[e " td,F Ndz],

and a lift to M theory produces a geometry describing smeared intersecting branes:
ds?\/[ = ¢ 20/3 {€4H/3 [—e%dt2 + dxg] + e 2H/3 [dyg + sz]}

+e2H/3+49/3 [(dF + 2 9 wdx)? + (dxyy + eikadexi)Q} ,
F=d [ew(adew + 8y Fdy)dt A dxn} — G Adt.

While it is easy to guess the solution which is not smeared along z direction:

ds?\/f = ¢ 20/3 {€4H/3 [—e%dt2 + dxg] + e_QH/?’dy%}
+e2H/3+49/3 [(dF + e o wdx)? + (dxyy + eikadexi)Z] ,
Fy=— {d [ew(adew + adey)] A (dzy1 + €O Fda') + 5}3} Adt,  (5.12)

Gy = /270 5 [e™H ¢d, F],

the translational invariance in x11 seems to be a crucial property of the geometry, and we
will not try to relax it. Notice that the nine dimensional duality in (§.19) is performed
using the metric

dsg = efldx2 + e H [dy% + *?(dF + eQH(?xwdx)Q] (5.13)

and functions ¢,w, F' satisfy the system (£.J)-(£.6) with two-component x and six-
component y. Generically the metric (p.13) is expected to have only U(1) x U(1) isometry
(which corresponds to the translations in time and in the direction of smearing x11), but
more symmetric solutions can also be found. For example, requiring that all functions
depend only on the radial directions in x and y, one finds an enhanced SO(6) x U(1)? sym-
metry. However this isometry should be distinguished from the symmetry of a pointlike
intersection of two membranes: in the first case two of the U(1)s correspond to translations
and one to rotation, and in the second case the roles are reversed:

[12345-10 1234510
M2gmearcd|® ® ~ M2|e o (5.14)
M2 o0 M2 oo
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In the near horizon limit the geometry produced by two intersecting branes has an enhanced
SO(6) x SO(2,1) symmetry and the corresponding metrics can be specified in terms of
solutions of Toda equation [i4]. It would be very interesting to find an asymptotically flat
solution describing the localized intersection (i.e. the second configuration in (f.14)) and
compare with [i4]. We will not attempt to do this here.

5.3 M5 brane, KK monopole and a plane wave

Let us now discuss the last possible duality mentioned in (B.J]). To proceed we need to
assume an extra isometry in the direction orthogonal to x and y and it appears that there
are two natural possibilities: we can require a translational invariance in either F' or w.
Let us consider these cases separately.

T duality along w. Assuming a translational isometry in w, we find restrictions on F':

F=wq(x)+ F(x,y), Axq(x)=0: e =q. (5.15)
This leads to significant simplifications in the equations ([.3), (E.4):
A =0, 9y =0, AF =0, Vy(e?#V,F)=0, (5.16)

Of course, one should add sources to some of these equations and the relevant analysis for
smeared branes was performed in section [l.§. Applying it to the present case, we arrive at
a special case of ([.43), (£.49) corresponding to G(y) = 1:

ds? = e [—63¢/2dt2 + ef¢/2dx§} + 67H7¢/2dy§ + 63H+3¢/2dw2,
Fy; =0, Fy =3 dpg A dw, Hz = de** ™21 A dw A dt,
e = ¢(x), F=qx)w, qu(q_le_2¢) + Ax(q_le_2¢) = 0. (5.17)

Unfortunately, this system does not contain D3 branes. However it is still interesting to
perform a T duality along w and an M theory lift to produce a pure metric in eleven

dimensions:
ds3, = 2 [—emﬁdt2 + dxg} +e 2 (dayy —wi)? + e 2H72 (dw — 2H1204t)? + dy?
dwy = 3dge*? Ay =, HNA (e721720) 4 Ay (e 2720 = 0, (5.18)

This solution corresponds to a smeared configuration of a plane wave and KK monopole:

12345678911
KK‘ e0e0o000 ~ (5.19)

P

[ ] ~

and it is easy to guess a non-smeared solution corresponding to an arbitrary hyper-Kahler

base in four dimensions:33

ds?; = —2dwdt + e 2720 qu? + [ds%{K + dy%] )

Ay (e72H729) 4 A (e 2072 = 0. (5.20)

33This solution can be generalized even further by replacing RZ — HK' x R, but such
(K Ki234, K K678, Py) system preserves only four supercharges, and in this paper we are interested in
1/4-BPS intersections.
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Let us now discuss another possible dualization.

T duality along F. Assuming that ([.1)) is invariant under translations in F, we find

that w is linear in F and e~ is a harmonic function which depends only on y. Then the

analysis of section [£.6 implies that the D3-D5-F1 geometry is a particular case of ({.49):
ds? = et {—e3¢/2dt2 + e_¢/2dx§] + e H02qy2 4 o~ HF39/2qp2,

1
Fs = ZdF N5 dye M +dual, F3 =0, Hz=de*” AdF Adt,

e = §(y), w = §(y)F. (5.21)

Dualizing along F' direction and lifting to M theory, we arrive at geometry describing M5

brane with longitudinal momentum:
ds?y = /3 [—2dt dF + e 20dF? + dx3 + dm%l] e I3y,
Fy=tdye ™, Aye™ =0, Aye ™ +e A =0. (5.22)
While this solution was obtained assuming translational invariance in x11, this requirement
can be relaxed since x1; appears on the same footing as three other x;.

To summarize, we found the geometries produced by either (K K, P) or (M5, P) sys-
tems, i.e. we were able to put together two elements of the triple:

12345678910

Mbleeee ° (5.23)
KK R EEE)
P °

It appears that a more general geometry containing both KK monopoles and M5 branes
cannot be found by applying dualities to D5-D3-F1 system and one needs to solve the
equations of motion in eleven dimensions. We leave this problem for future publication.

5.4 Summary

Let us summarize the results of this section. By applying various dualities to D5-D3-F1
solution, we have constructed geometries produced by various brane intersections which
preserve eight supercharges in eleven dimensions. One of such intersections (M5-M5-M2)
was completely localized and in this case we found a perfect agreement between gravity
picture and probe analysis presented in section P.4. The other two intersections were par-
tially delocalized: M2-M2-KK was smeared in one of the directions along M2 brane and
M5-KK-P system was smeared in the direction orthogonal to the monopole and to the mo-
mentum. It would be very interesting to find the localized version of the last two solutions.
In the case of M5-M5-M2 intersection one can go to the near-horizon limit of one of the M5
branes, then an enhancement of the (super)symmetry is possible. The relevant geometries
preserve 16 supercharges along with SO(2,2) x SO(4)? bosonic symmetries and correspond-
ing metrics were constructed in [fi4]. In this section we saw how such symmetric solution
can be embedded in a general solution (5.4). Notice that a generically the supersymmetric
solution (f.4) is only expected to have I SO(2,1) isometry and the geometries constructed

in [i4] present a very special class of solutions.
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6. Discussion

D branes are essential part of string theory so it is very important to understand their
dynamics. There are two ways of looking at branes: one is based on open string physics
and another uses a picture in terms of closed strings. While both methods have been equally
successful in describing branes preserving 16 supercharges, for less symmetric branes the
situation is more complicated. At low energies the open string physics is well-described by
the DBI action and in this approximation various brane intersections have been extensively
studied in the past. However from the point of view of closed strings, the low-energy
dynamics is governed by supergravity and in the past very few 1/4-BPS configurations have
been described using this language. In the known solutions the positions of the branes were
specified from the beginning and the geometries were constructed using so-called ”harmonic
rule”: different branes obeyed independent linear equations. In this paper we constructed
a large class of supersymmetric solutions which are governed by two functions satisfying a
system of nonlinear PDEs and the positions of the branes are determined dynamically. Of
course, for BPS objects one expects to have a superposition principle, so it is possible that
the nonlinear equations ([L.3)-(4.q) are integrable. If this is indeed the case, it would be
very nice to find a map to the appropriate variables in which this system becomes linear.
Despite the lack of such map at the moment, the superposition principle did manifest itself
in the boundary conditions: in section [£.3 we showed that for consistency the branes should
follow harmonic profiles (in a perfect agreement with probe analysis) and the construction
of section [L.§ demonstrates that any combination of such branes leads to a unique solution.

It is very natural to consider strings ending on branes which were discussed in this
paper: looking at 1/4-BPS configurations (2.4) in IIB string theory one observes that
they fall into two categories: the geometries corresponding to the last two lines can be
constructed using ”harmonic rule” and they have been studied in the past, while all inter-
sections appearing in the first two lines are captured by the ansatz presented in this paper.
To be more precise, we explicitly derived the D3-D5-F1 solution in section .1 and other
geometries were obtained from it in section f.7.

While we were not able to solve equations for the most general distribution of branes,
some special solutions can be constructed. In particular, in section B.3 we showed that the
geometric duals of non-commutative field theories [B3, B4] can be recovered from our ansatz.
In section [ we also found an explicit solution for a smeared D3-D5 intersection. Although
we were mostly interested in asymptotically flat geometries, the system ([.3))—(4.4) is also
applicable to solutions embedded in different spaces, in particular in sections B.3 and
we showed that 1/2-BPS geometries AdS, x S? asymptotics [[[d, 4] are included as very
special cases into the ansatz discussed here.

The results of our investigation are very encouraging. We were able to find solutions
preserving only eight supercharges and no bosonic isometries (apart from the time transla-
tion which is a consequence of supersymmetry). One may hope that similar techniques can
be applied to situations with lower supersymmetry and all brane intersections preserving
four supercharges can also be classified. In fact, the equations governing some of such con-
figurations are known [, i3], and it would be nice to describe other intersections as well.
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A. Conventions

The main goal of this paper is to find a geometric description of intersecting branes, and one
needs to solve equations coming from supergravity to accomplish this task. In this appendix
we collect some basic facts about Type II1B supergravity following the the standard notation
of [B7.

Since we are looking for bosonic solutions preserving supersymmetry, so we begin by

summarizing the SUSY variations for such geometries

o\ = ’LfE manmana
1
St = (v QM>6+@J’5%16+9 (oG = 2fm)e. (A1)
Supersymmetry parameter € is a complex Weyl spinor (I'y1e = —e¢), and the general ex-

pressions for two vectors Q,, P, and a scalar B can be found in [B7] (see also [i3]). As
explained in section ], we are interested in solutions with vanishing axion C' () this implies
that 7 = ie?, Qu =0, and

1 1—e? 4e=®
P = — = — 2 —
Gs = f(Hs+iFy — BHs + iBF3) = e~ /2H3 + de /2F3. (A.2)

Substituting these expressions into (JA.1]) and requiring the variations to vanish, we arrive

at the equations which will be analyzed in the next two appendices:

o\ = —,8(;56 m"menpe =0, (A.3)

6Ym = Ve + — 480 /F5’YM€ + 96( M G =2 Gym)e” = 0.

While some of the equations of motion of type IIB supergravity follow from the last two
relations, a generic background satisfying (A-J) might not be a solution of the theory. In
particular, one always has to supplement SUSY variations with Bianchi identities for the
field strengths, but sometimes even this system is not complete and some equations of
motion should be solved explicitly. Let us summarize these equations for C(©) = 0 (see [B7

for the discussion of the general case):

—¢ e® 1
v2¢ = _61_2Hmanmnp + anmenp’ dFs = —ZFg A Hs,
dx (e"®Hs3) = —4F5 \ F3, d* (e?F3) = 4F5 A Hs, (A.4)

1 1
Rmn = §am¢an¢ + _Fmabchnade

(o g0 gmnd™ h pH, ™ + & “p E,P
m-n 12 4 pa 4 mpq
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The field strengths appearing in these equations are related to gauge potentials in the
following way:

1
Hs =dBy, F3=dCy, F5=dC4— ZCQ N Hs. (A5)

Moreover, the five-form fiend strength must be self-dual: F5 = *F5.

Throughout this paper we use normalization which is common in supergravity litera-
ture, but it is slightly different from conventions which are natural from the point of view
of string theory. It is well-known that a metric in the Einstein frame (which is used in
supergravity) is different from a metric seen by a fundamental string propagating on the
geometry:

ds% = ﬂmds%. (A.6)
V9
It turns out that there are also differences in normalization of RR fluxes and the detailed
discussion can be found in [B{]. To simplify the calculations, we will set both string coupling
constant and Newton’s constant  to be equal to one (although they can be easily restored),
then the map between string and gravitational quantities found in [B(] simplifies:

WO =, HO =B HO=an, &0

B. Solutions with SO(5) x SO(3) symmetry

In this appendix we study supersymmetry variations for configurations in type IIB super-
gravity which have SO(3) x SO(5) symmetry. This symmetry was motivated in section [
by looking at a single spherically symmetric spike, and as we will see, once the symmetric
solution is obtained, it is very easy to generalize it to the case of multiple spikes.

B.1 Formulation of the problem

We begin with metric and fluxes given by (B.1]), (B.4):

ds? = —e*Adt? + 2Bd0% + 2¢d03 + hijdatda’, (B.1)
Hs = 2wy Adt, Fy=dfs NdQs, Fy=dfs AdQu + dual, €°.

Here wq is a closed two-form in three-dimensional space spanned by xz; and all scalars are
assumed to be functions of these three coordinates.

Equations (B.1) guarantee that all bosonic fields have the required symmetry, but we
also need to impose the symmetry on the spinor. To do this we need to review a construction
of invariant spinors on even-dimensional spheres. First we recall that a covariant derivative
V. along one of the directions on S2 can be rewritten in terms of a derivative V,, on a
unit sphere:

~ 1
VS =V — 57 mOuB. (B.2)
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There are various ways of expressing V,, in terms of gamma matrices, here we will follow
the approach of [[[J] where it was shown that

Ve = —%e*nymPse, (B.3)
where Pg is a hermitean matrix which anticommutes with chirality operator I's on S? and
with gamma matrices along the directions orthogonal to this sphere. The derivatives along
S4 directions can be computed in an analogous way. Notice that equations ([A.3) are valid
only in the basis where all gamma matrices are real, this imposes certain reality conditions
on four hermitean matrices: I'q is real while I'g, Pg, Py are pure imaginary.

It is convenient to split 4 into the real and imaginary pieces:

1
ﬂ)G - G+ + G,, (Gi)* = :l:Gi, (B4)
and an explicit computation gives
1 1 _
Gy=—7e ¢12=4 4Ty, G_ = —ZeWQ 2B pf.lg. (B.5)
The last remaining ingredient that enters the equations is
—4C
Tqe. B.6
480 < Ase= D fslae (B.6)
Combining all this information, we arrive at the system:
1
—ﬁtﬁe* — (G4 +G-)e =0, (B.7)
1
DAe —ie ¢ pfsTae+ = 5(=3G +G)e" =0, (B.8)
(—ie"BPs + PB)e —ie ¢ Pfslqe + §(G+ —3G_)e" =0, (B.9)
1
(—ie=“Po + OC)e + ie 20 pfsTae + 5 (G +G e =0, (B.10)
6—40
Ve +i—— OfsyLae —|— (’yM/G 2{G,})e" = 0. (B.11)

For future reference we write the complex ConJugate of the dilatino equation:
1
§ﬁ¢e — (G —G_)er =0. (B.12)

To evaluate the spinor bilinears we will also need the hermitean conjugates of the rela-

tions (B.7)-(B-12):
L p6—(GL e =0, L b Gy -G =0,
et DA +ie *Cet pfslg + %GT(—3G+ +G) =
e'(ie™BPs + PB) +ie 1 Dfslq + %ET(G+ —3G_) =0, (B.13)
'(ie=C Py + HC) —ie 4t Pfslg + leT(G+ +G.)=0

—-4C

Ve — i wfgm (Gl —2{GY v}) =
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The remaining part of this appendix will be devoted to solving the system (B.7)-(B.13).

B.2 Looking at the projectors and choosing the coordinates

We begin by combining the projectors appearing in (B.§)-(B.12) to construct the equations
that do not contain fluxes:

—ie Py + DA+ C — g) ¢ =0, (B.14)

[—ie P Ps+ A(B— A+ ¢)]e=0. (B.15)

Depending on a choice of coordinates, each of these two projectors can contain up to four
gamma matrices, however by choosing some special set of coordinates one can simplify
both projectors. Namely we introduce two functions

¢
= eAJ’_C_ 2

u , v=elATe (B.16)

and use them as two of the coordinates. In principle one can worry that u and v are not
independent functions (then they cannot be used as two coordinates), and to show the
independence we evaluate a commutator in two different ways:

J{ﬁ<A+C - ¢>, H(B — A+¢)}e = —e BCl{ Py, Pg}e = 0,

2
ef{ﬁ<A +C - g), OB —A+ qS)}e = 26%9"”(% logu 0, logv. (B.17)
34

We see that not only v and v are independent, but also g“¥ = 0, so we can choose frames

e = eydu, e¥ =eydv, eV =ey(dw+ Aydu+ Aydv),
ew = €510y — Audy), ey = e, (0y — Aydy), ew = e 0. (B.18)

u v

Here w is introduced as the third coordinate and we still have some freedom in choosing
it. In particular, it is convenient to impose a gauge A, = 0. Such choice still leaves
reparameterizations w — w'(w,u) and we will fix this freedom later.

With this choice of frames the geometric projectors (B.14), (B.15) become

[—ivefBPS + eglfv] e=0, [—iueiCPQ + eglfu] e=0. (B.19)
We conclude that the spinor satisfies two projections:
(1 -4l Ps)e = (1 —il'yPs)e* =0, (1—il Po)e=(1—il'\Po)e* =0, (B.20)
and we also extract the expressions for e,, €,:

ey =0 e, = e AT, (B.21)

34Here and below we use ordinary indices u, v, ... in curves spacetime and we use bold letters u, v, ... to
denote frame indices. The exception is made for the gamma matrices, where we have v, with spacetime
index and I', with frame index.
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Let us construct a projector which does not contain G:
3 . —4C *
el A_Z(b e —ie 7 Ofsge — G_e" = 0,
3 . _aC L 4/2-2B *
Ol A— Z¢ e—ie "7 OfsLqe+ 1€ Dfsl'ge™ = 0, (B.22)
and apply various projectors to this relation:
3
(1+ i, Ps)(1 — il Pq) : T“0y (A — Z(b)e — ie 4T, f3Tge = 0,
3 1
(1 —ilyPs)(1 + il Pq) : TV0, (A - Z¢> €+ Ze¢/2—2]-ffr7~vaw fol'ge* =0, (B.23)
3 1
(1 4+l Ps)(1 + il Pq) : Ty <A—Z¢>e—ie4CI’”6uf3I’Qe—|—Ze¢/22BFU6vf2FSe* =0
1
(1 —iTyPs)(1 —ilyPq) : —ie 2°TYd, fsge + Ze*i’/%wr“au folge™ = 0.

Let us assume that the derivatives appearing in the first equation do not vanish (this
assumption is true even for the flat D3 branes without fluxes), then we find a projector

T'.TwTae = iae. (B.24)

The third equation can be rewritten as
3 —4C 1 ¢/2—2B v *
Ow| A — Z(b €—ae "~ Oufse+ 1€ 'Yy fol'ge™ =0, (B.25)

and assuming a nontrivial v-dependence in fs, we arrive at a projection:
[T, [ge* =be, T,T,Ige=—be*, b*=1. (B.26)

Imposing the projections listed above, we reduce the system (B.23) to a set of scalar

equations:
3 —4C
Oul A — Z(b +ae 0w f3 =0, (B.27)
3 —4C b $/2—2B
Owl| A — Z(b —ae auf3+1e Ovfo =0, (B.28)
3 b #/2—2B _—1
av A - ZQS — Ze Cw awa = 0, (B29)
e 100, f5 + “Zb&/?—?Bau fo=0. (B.30)

Finally we look at the dilatino equation:

1 1 N RPN
5 Dde+ Je 0/2=A ) Te —1645/2 2B 5 £2bT,['e = 0. (B.31)
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Acting by various projectors, we find:

2e~®/2-A UV, TeF — beWQ*QBF”(?quI’UI’we =0,

A" Oy e 4+ 26~/ AT ™ W Tie* = 0,

2T 0y e + 2eP/2mATVY Y, e + beWQ*QBe;lawfgI’ve =0,
0" Oy pe — be®/ 22819, foT'yLwe = 0.

Assuming that w does not vanish, we find the last projector:
Dplie =ce, Tlie=—ce*,? =1, (B.32)
and the equations become

2ce” 2 ALy — be¢/2_238uf2 =0,

Ou® + ce;le*W?’Awuw =0,

B.33
B.34

b
Ov® + ce;Iefd’/zwavw + 5645/27236;1610]02 =0, B.35

(B.33)
(B.34)
(B.35)
2 0 — be?/2 2B, fy = 0. (B.36)

At this point we already accounted for all projections which should be imposed on the
spinor, let us summarize these projections:

Tiu+1e=(1—-il'yPs)e=(1—iI'yPq)e = (I',I'wI'q —ia)e =0,
I',I'yIge™ = be, I',Iie® = ce. (B.37)

Notice that only five of these projectors are independent since
Iy =il Iyl g : I'i1e = ach e. (B.38)
This reproduces the chirality projection in ten dimensions once we require that
abc = —1. (B.39)

To count the number of supersymmetries one should recall that we encountered only eight
different matrices in the spinor equations (B.7)-(B.11). These objects can be realized
as 16 x 16 matrices and just for illustration we write a particular explicit representation
(although it is only existence of such representation which will be used):

To=7Y @1, Ps=1500301y, Po=n7 Q0 o0,
I's=14®09® 1y, T'g=15® o3. (B40)

In this representation € is a 16-component complex spinor and five independent projections
reduce it to one-component real object, so as expected no additional projection can be
imposed. To count the number of supersymmetries in ten dimensions we recall that the
gamma matrices on S? and S* were suppressed in this discussion, and once they are re-
introduced the size of spinor grows by a factor of 2 x 4 = 8. So in type IIB we end up with
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a spinor with eight real independent components, this corresponds to a 1/4 BPS state.
This is consistent with a brane probe analysis.

To summarize, we have analyzed the dilatino equation as well as three components
of gravitino equation ([B.7)-(B.1() and we showed that these four projectors lead to the
restrictions on the Killing spinor (B.37) and to the bosonic relations (B.16), (B.21), (B.27)-
(B.3d), (B.33)—(B.36). We can still use the differential equations (B.11]) to extract some
additional information about bosonic fields, and we will do this in the next subsection.

B.3 Analysis of bilinears
Let us now look at the differential equation (B.11]) along with its conjugate:

—-4C

Vueﬂ'e ﬁfmTQeJr ('m/? 2{ Gy} =0, (B.41)

74C
Vel i Do + g (L — 206G )) = (B.42)

These two equations can be combined to evaluate a derivative of the bilinear efe:

—-4C

V,.(efe) + i< ' Df3, Do + — [ 2" Gryue™ — €My, Ge* + cc] =0. (B.43)

96

To eliminate (7 from this equation we use (B:1(0) and a hermitean conjugate of (B.7):

_4_18/G6* = (—ie"“Pa+ PO)e + i~ DfsTae, —eVJ = % Po.

Substituting these relations into (B.43), one finds:

—4C
€ 1 _ .
VM(ETG)—FZ eT[ﬁfg,’yu]FQe—iauéeTe—i- [—el‘;e C—i—(?MC] e+ ie 4CeT’yM,8f3I’Qe =0.
(B.44)
Next we notice that the projection I'ge = —iT',e implies that €Tge = 0, so the terms

with f3 cancel out in the above equation. We also recall that according to (B.1§), (B.21),
epdat = e~A=?/2du, then equation (B:44) simplifies:

6¢/2—Cv“(6—¢/2+CET€) — e CA—0/21¢ Ouu = 0.

[ (]

Finally recalling the definition (B.16), we eliminate C' from the last relation and solve the
resulting equation for the bilinear:

V(e efe) =0 ele =el. (B.45)

At the last stage we fixed a constant in normalization of e.
Let us now consider a vector ETFQ’}/“PQE, which has a very simple form due to various
projectors:

ETFQ’}/VPQE da¥ = —aeT%,I’we dx¥ = —ael‘;"eTe daxt. (B.46)
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This vector obeys a differential equation:

1
VM(ETPQ’YVPQG) - Z‘6_4061-'7(1/ ﬁffi’)/u)Pﬂe + % [UMV + VMV] =0, (B47)
Uw = ETFQ’YVPQ('WL/G - 2{/Ga7u})€*, Vi = eT(,ny“ - 2{/Ga’7u})FQ’YuPQ€-

In particular, we will be interested in the antisymmetric part of this relation since it will
give an exterior derivative of the one-form (B.46). Let us consider various terms separately.

Uppw) = —a€"y (=) G = 2/G7 )Twe”
—4e??T Ay Gy Twe® = ey, oT ey Twe”
= el e = 2w €le
4P/ AT LG T e = €l T e
= —cel e = 2wy, €
—46237¢/26T7[ﬂG—7y]Pw6* — ET’Y[H D fol sy, Lwe”

fe

= _bETV[M/@fYVV}Fve
=0
—4eZB_¢/26T'yWG_Pw6* = eT'yW Dfol sy e
= _bETrV,uuﬁfQFve
U = 6a(6'ce_A_¢/2wWeTe — e_QBJ”WzbeT’yW D falye), (B.48)
Viw = —CLET(—Q’)/“/C:'YV - G'Y;L’VV)FwE :
1_, .
EV[IW] = —4a€T(—2’y[“(G+ - G*)’VV} - (G4 — G*)’V,uu)rwe

= a(—GCe_A_‘b/szeTe + e_ZB+¢/2beT7W D falye). (B.49)
To evaluate the above expressions it was useful to construct a combination of projectors:
ToPoe = —al'ye, T'qPoe® = al'ye€”.

Notice that the right-hand side of (B.49) is real: it is obvious for the first term, while for
the second one one needs to use projectors to evaluate

€' D falve = € (0, fae, — Dy fae},) - (B.50)
Then we conclude that V},,| = V[ZV} = U and equation ([B.47) becomes
1
—d(eAefLde“) ~3 [6667(;5/2(4)!“/ — 2beA+¢/272B&,fge::] dz? = 0. (B.51)

Let us look at various components of this two-form. We begin with a coefficient in front
of du A dv:

1
d(aeAefL"dm“)uU 1 [Gce*‘b/?wuv + be2A7¢/2*2Bauf2} =0. (B.52)
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Similarly we evaluate the two remaining components:
AW gl 3 o2
d(ae” ey dz)yw — 5¢ e = 0, (B.53)

3 1
d(aeAeledac“)vw + —Ece_‘b/zwvw + ZeZA_Wz_ZBb@wa = 0. (B.54)

To summarize, in this subsection we analyzed the equations for the scalar and vector
bilinears, this led to normalization of the Killing spinor (B.44) and to three differential
equations (B.52)-(B.54) for the bosonic fields. These equations along with relations dis-
cussed in subsection [B.2 give a system which is equivalent to the equations for the Killing
spinors, and now we will try to simplify this system.

B.4 Solving the equations

In the previous two subsections we have reduced the dilatino and gravitino equations to
a set of relations for the bosonic fields. The relevant differential equations are (|B.27)—
(B.30), (B.33)-(B.3d) and (B.52)—(B.54)). Let us simplify this set of eleven equations.

We begin with recalling the expression (B.1§) for ™ and the gauge condition A4, = 0.

Introducing h = e“e,,, we can write
eAe:’de“ = h(dw + Aydu), w = d(Bydw + B,du). (B.55)

Here we parameterized the exact two-form w in terms of two functions B,,, B, and one
can still perform a v-independent gauge transformation of a one-form 7, = By, dw + B,du.
Equation (B.53) takes the form

—Ouh + D (hAy) — %e—¢/2(au3w — 9yBy) = 0. (B.56)

Comparing this with equation (B.34):
Outd — Aydpd + ch™ e ?/2(8, By — 8y By) = 0, (B.57)

we arrive at the relation which does not contain fluxes:

Duh — Du(hAL) — Sh(0u6 — Auud) = 0

Au(he™39/%) — 8,,(e73¢/2hA,) = 0. (B.58)

It is useful to eliminate fluxes from the equations (B.59), (B-54) as well. To do so one can
use (B.39), (B.34):

DA,y = — [eudud + e ) (B.59)
be‘b/?*?B(@u — Ay 0y) fo = 2067¢/27A€7A+¢(wuv — Aywyy) :

beQA_ZB&LfQ = 2(cwyy — Auewe¢/2+A&,¢). (B.60)
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Substituting this into the equation (B.54), we find
A w g1 —¢/2 h
d(ae ey dx Jow — 2ce Wow ~ 5 ¢ = 0
h
—Oyh — 2cef¢/2wvw ~3 b =0

9y (he®? + 2¢By,) = 0, (B.61)

while equation (B.59) gives
h
d(aeAe:’de“)uv + EAU&,(;S —2ce %0y, = 0

dy(hA,) + gAu(?vgb + 2ce™?28,B, = 0
By (he?/? A, +2¢B,) = 0. (B.62)

The last equation implies that we can use the gauge transformation of 7; to set
By, = —ghe¢/2Au, (B.63)

and equation ([B.61)) will still hold. We still have a freedom 71 — n1 + dW (w) and to fix it

we rewrite the equation (B.34):

Oup — Audud + ch ™ e 2(0, By — 8,By) = 0
£30/2

o Ow(he 3?2 A,) + ch™te 29, B,, = 0

O +

Du(e*?he 3912 1 2¢B,,) = 0. (B.64)

At the last step we used the relation ([B.5§). Comparing (B.61)) and (B.64), we observe
that e?/2h + 2¢B,, can only depend on w, so the remaining gauge freedom can be fixed by

requiring that
B = —%he¢/z. (B.65)

At this point the equations (|B52)7(M), (B:34) were used to show that

w= —gd he®’?(dw + Aydu)|, 8, (he™3?2) — 0,(e 73?2 A,) = 0. (B.66)

The remaining dilatino equations (B.33), (B.3d), (B.36) can be rewritten as expressions for

derivatives of the flux fs:

2¢
geZA—QBaw fo = —he®?8,¢ + %av(he¢/2) = %8v(he_3¢/2), (B.67)
beQA—QBaqu = Q(CWuv - Auewe¢/2+Aav¢) = 62¢8v(h6_3¢/2’4u)7 (B'68)
be39/272B=Ap fy = 2h1ed,0. (B.69)

This accounts for seven equations, and the remaining four equations (B.27)—(B.3(]) will be
analyzed later.
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The second equation in (B.6€) implies local relations
he™3¢/2 = 9,F, e 3%2hA, = 0,F (B.70)

with some function F. Then equations (B.67), (B.6§) can be simplified and the resulting
relations can be easily integrated:

bOy fo = V20,0 F,  bdyfo = 0200, F bfs = v20,F. (B.71)

We also used the fact that the relations (B.7() define F' up to an additive v-dependent func-
tion, and this freedom was fixed in the last equation. Finally (B.69) leads to a differential
equation relating F' and the dilaton:

pe 2 = —A,F. (B.72)

Let us now go back to the equations (B.27)-(B.30). We begin with simplifying (B.29):

By (A —~ %gb) —~ 262*23*4’/%*16“) fo=0

Oy (4A — 3¢) — v 23?2710, (v20,F) = 0
Dy(4A — 3¢) — 392718, (he3%/%) = 0
Dy (e~ 444322y = h=e* 732w, w).  (B.73)

Let us recall that A originally appeared in the veilbein as
eV = he™dw + Aydu) = 3473/ [iL(u, w)(dw + Audu)] . (B.74)

We still have a freedom in reparameterizing w as w — w'(w,u), and it can be used to
simplify the expression in the square bracket by setting » = 1. This fixes the choice of
coordinates up to a shift w — w+ W (u). We conclude that equation (B.29) combined with
gauge fixing leads to the relation

h = 43912, (B.75)
Next we simplify the equation (B.27):
(0, — Aud)(A — 30) +ae™1CH2e 4453920, 1y —

Ou(4A = 30) + 0, F0,e3?™* + dau™40, f3 = 0
Ou(4A — 3¢) — 3?7449,e44 730 1L 9, (dau™ f3 + 27449, F) = 0

Ow(dau=? f3 4+ 397449, F) = 0. (B.76)
Similar manipulations with (B:29) give
e, f5 + %vzeZA_QB_¢(8u — Au0)8F = 0 (B.77)

eCY, fa + %e%v(e*%/?mu) — Ay (he3/2)) = 0

e=1C8, f3 + %e‘“‘*%@,Au =0: 9,(daufy + 0149, F) = 0.
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Equations (B.7¢), (B.77) imply that

a _ = a =

fy= —Zu463¢ G F + f3(u) = —Zu4Au + fa(u). (B.78)
This relation can be used to express for the one-form e% in terms of fs:

eV = 34732 (quw — dau™ fadu + dau" f3(u)du). (B.79)

We recall that at this point the diffeomorphism invariance is fixed up to a shift w —
w + W (u), and this remaining transformation can be used to set f3(u) = 0.

To summarize, we have solved all equations for the Killing spinor except for (B-2§) and
we also uniquely specified the choice of coordinates and veilbeins. This led to the following
relations for the metric and the fluxes:

et = e AT 20y, eV = A 0du, eV =332 (dw + Aydu), (B.80)
€4A73¢ = OuF, Ay = gu};,
w = —%d [e‘mf‘b(dw + Audu)] . fo=b%O,F, fy3= —%u‘lAu. (B.81)

and to a differential equation (B.72) relating F' and the dilaton.
Finally we simplify the equation (B.2§):

6_3A+3¢/28w (A _ Z(b) . aeA—4C—¢/2(au _ Auaw)fS + Ze3¢/2—23—A8vf2 =0

Ow(4A — 3¢) + *71C729(9, — A,0,) (urA,) + XA F = 0

ute 8AT0Y (44 — @) + (D4 — Aydy)(utAy) = 0
—ute 4 ATI09 e L (9, — A,0,)(utAL) = 0. (B.82)
The last equation can be simplified even further if we use (u, v, F') rather than (u,v,w) as
a set of independent variables. This set of variables turns out to be useful for analyzing

the regularity of the solution, so we give the map here. First, it is convenient to introduce
a new function H:

A = 43 — g F. (B.83)
Then we can relate various derivatives:
OpW
au|F,v = au|w,v - Auaw|u,va aw|u,v = 62H8F|u,va av|F,u = av|w,u + a;—waF|v,u-

Going back to the equation (B.83), we can rewrite it in terms of (u,v, F') coordinates:
—udpe 21720 1 9, (—u'dw)|yF =0, (B.84)
and one more derivative eliminates w from this equation:
utdFe 720 1 9, (urd,e ) = 0. (B.85)

At this point we have solved all equations for the Killing spinors. We showed that the
solution is completely parameterized by two functions F, e and we found two equa-
tions (B.72), (B.82) which relate them. Unfortunately these two equations are not suffi-
cient for finding the complete solution, and they should be supplemented by an equation of
motion for the Kalb-Ramond field. We will analyze that equation in the next subsection.
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B.5 Equation of motion for B,

As mentioned in section f], even to construct a geometry describing a fundamental string,
one needs to supplement the equations for Killing spinors by the equation for the NS-NS
B field. In the present context, this equation becomes

d« (e ®Hs) = —AF5 A F3. (B.86)

Substituting the information which has been accumulated so far, we arrive at the relation

d |e=?v?ute 3H/2e799/4 (454 [ez‘é(dF—}—eZHavwdv)H = abe d(u*A,) A d(v?O,F). (B.87)
Here the Hodge dual is taken with respect to a three-dimensional metric:

ds? = =92 qu? 4 e H=9/2qu? 4 e HH39/2(4F + 1 9,wdv)?. (B.88)

It appears that we need only u,v component of the equation (B.87). We begin with
simplifying the left hand side:

d {v ute 32 130/4 (444 [e2¢(dF+ 62H8dev)”

uv

=d [v ute He 40 &, dez¢] —d [v2u4e He_4¢8pez¢ezH8vwdu]
uv

—d [v ute 3M/2¢ 5¢/46p(e2H(9vw)eH/273¢/4 *9 dv]

uv

uv

+d {v ute 3H/2¢ 5¢/48u(62H60w)(*3d[dudv])]

=d [U2u467H674¢ *9 dew]

40, [v ute” He*%ap(ewavw)}
+0y [v?u* 0y (€ 0yw)Dyw] — Oy (v?utdpe ¢ d,w)
[ 20t (0,72 + 0, (e 2H3Uw)8vw)} — 0y (vV2utdpe20,w)
[v2u4e—2H (—Bye2 — e_2¢(9p(62H8vw))]
=029, { Bue_2¢] + 0y { 4306_2¢_2H} + Oy [v2u48u(62H8vw)&,w]
{v ule 2H*2¢ape2Havw} — 9y (WP utdpe 20 dyw)
=029, [u43ue_2¢] + Oy [vzu‘l&,e_z‘b_ﬂ{} + Oy [v2u48u(62H8vw)&,w]
+0y [V?ute* Aywo,w] . (B.89)

We used the duality convention 5du = —ef dv as well as relation

d [v2ute™3H/2e7130/4 (4, {8Fe2¢dF/\ (dF +62H&,wdv)”

uv

=—d [v ule” He_4¢8F62¢62H8vwdu]

= —0,(vV*utdpe 2 0,w).

uv
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The right hand side of (B.87) can also be simplified (we use (B.39) to eliminate abc):

abeld(—utd,w) A d(—v2e* L dyw)]yy
= —u*?[A wA,w — 8,0,wdy, (2 Dyw)]
S {8u {02u46uwﬁvw] — 0y [v2u48uw6u(62H8vw)]}
= — {&, [v2u462HAuw8 w] — Oy [1)2u48u8vwe2H8vw]}
— —{ Oy [v u462H8F( 2¢’8Fw)&,w} — Oy [02u43u&,w62H8vw] }

This leads to the final form of (B.87):
0 = 0?9, [u43u672¢] + Oy [v2u48ve*2¢72H] + Oy [v2u48u(e2H3Uw)&,w]
+0, [v2u4eQHAuw3Uw] — {8v [02u462HAuw3 w] — 0Oy [v2u48u(9vw62H3Uw]}
= 020, {ud‘@ue_%] + 0, [1)2u48ve_2¢_2H] + utvt Ay (e2H 0,wdw). (B.90)

Notice that while this equation does not follow from the relations which we have extracted

from Killing spinor, it is consistent with those relations. For example, acting on (B.9() by
Or and using the relation

020, [u48u(e_2HAUw - avwﬁp(eZHavw))} — Oy [1)2u48vAuw]
= 026 u48u [ e*H 90, wd, e — &,wap(eQH@vw)]
= 20p A, eQHavw&,w),
we arrive at an identity.
As already mentioned, it is only (u,v) component of (B.87) which gives a new relation.

For example, looking at (v, F') component of that equation and evaluating lhs and rhs, we

find:

d |v?ute 302130/ (sqd | 2 (dF + €2H O,wdv = 2u* [0, 07, wdp (e2H v20,w)
[ ]

vF

abeld(—ud,w) A d(—v2e* dyw)],r = Q[O[U(u‘lauw)ap} (v2e* o)),

so the (v, F) component of (B.87) becomes an identity. The (u, F) component works in
the same way.
B.6 Summary of the solution

In this appendix we have looked at solutions of type IIB supergravity with SO(3) x SO(5)
rotational symmetry. We solved the equations for the Killing spinors and found the fol-
lowing expressions for the metric and fluxes:

ds? = el [—e3¢/2dt2—|—67¢/2(d122—|—v2dQ§)] +e =02 (qu? +u2d03) + 332 (dw+ A)?

F
A= Aydu = AWl am OuF, Fy = —2d(uAy) A dQu + dual,
OuF’ 4
Hy = —cd [62H+2¢(dw + A)] dt, Fy = dbv28,F) A dQs. (B.91)
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The geometries are parameterized by two functions F, e? and these two functions obey
differential equations:

e 2? + ALF = 0, (B.92)
ule M 0,e 2120 — (0, — Aud)(u' Au) = 0. (B-93)

The last equation can also be rewritten in terms of the coordinates (u,v, F):
u*Ope?H 720 4+ 9, (utd,w)|y.r = 0. (B.94)

It turns out that the equations for the Killing spinors are not sufficient to determine F' and
dilaton completely and we also had to look at the equations of motion for the Kalb-Ramond
two-form. This supplied an extra equation ([B.90):

020, [u48u6_2¢] + 0, [1)2u46v6_2¢_2H] + u4v4Au(62H8vw&,w) = 0. (B.95)

The Killing spinor € satisfies five independent projections (B.37) and chirality condition
translates into the relation (|B.39).

Suppose we started with solutions which has a = —1. The flipping the orientation
of 8% and reversing the direction of time (this procedure keeps the relation I'jje = —e¢
untouched), we arrive at the solution with @ = 1. Similarly, starting with b = —1, we
can recover solution with b = 1 by reversing orientation of S? and ¢t. Thus without loss of

generality, we can set
a=b=1, c=—1. (B.96)

These conventions are used in the main part of the paper.

C. Generalization: geometries without S?

In the appendix Bl we derived supersymmetric solutions of type IIB supergravity assuming
U(1) xSO(3) x SO(5) symmetry. Once that solution is constructed, it is fairly easy to make
a guess and generalize it to the case without non-abelian isometries. Of course, in this case
we do not claim to construct the most general solution, but rather we use analogy to make
a guess and then check that the geometry indeed preserved 1/4 of supersymmetries. In this
section we outline this procedure for the solutions which have SO(5) x U(1) isometries, and
the more general case works in the same way. Notice that keeping SO(5) seems natural if
we want to consider a superposition of D3 spikes, since in this case the branes are located
at x5 = x¢ = x7 = g = xv9 = 0. More general solutions without SO(5) are discussed in
section fl and they could correspond to either separate stacks of D3 branes or to spikes on
D5 branes.

C.1 Analysis of the projectors

Motivated by the solutions with SO(3) x SO(5) x U(1) symmetry, we require the metric
and the fluxes to take the form:

ds? = et |—e3?2q1% 4 e_¢/2dxz2),] + e H=9/2 [(du2 +u2dQ3) + 2T (dw + A,du)?
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Hs = —%d [e2¢+2H(dw + Audu)] dt, Fy5= —%d(u‘lAu) A dSdy + dual,

OuF

2H
= 0uF, Ay=—=
€ w+ u awF7

fy = —%u‘lAu. (C.1)

The flux Fj3 is still undetermined. To check this guess and to find F3, we go back to the

original set of equations for the Killing spinor:3®

SO0 (G4 G)e=0, £ Poe— (G —G)E =0,

1
HAe —ie ¢ pfslge + 5(=8GL +G )" =0,

1
(—ie=“ P + PC)e +ie ¢ P fslge + §(G+ +G_)e" =0, (C.2)
e 4¢ 1
Vy€e+i 5 Dfsvulae+ %(V;UG - 2{/G7'7u})6* = 0.

As before, we find one geometric projector:

Cieem e a(asc2)]e=o o
which is consistent with ansatz provided that
[—iPo+T'yJe=0. (C.4)

This is one of the projectors ([B.37) which easily generalizes to the present setup. Three

other independent projectors can be generalized as well:
I lwlae = iae, —il'yaze® =be, T'i1e = —e. (C.5)

Notice that in (B.37) we also had a projector containing Ps and it is lost in the present
setup since we do not assume an existence of S2. Similarly, had we not assumed the SO(5)
symmetry, the projector ([C.4) would disappear and the first relation in (|C.J) would become
—TI'wI'45678€ = tae. This would lead to complex 32-component spinor restricted by three
projectors, i.e. as expected, we would preserve 1/4 of SUSY.

Let us now go back to the solutions with SO(5) symmetry. They are also 1/4-
supersymmetric due to the projections (C.4), (C.). It is useful to take a combination

of (C.3) to produce another projector
Lyle® =ce, c= —ab. (C.6)

We already checked one linear combination of the projectors appearing in (C.J) and now
we look at a different combination which does not contain G :

DA - %(b)e 610 §fToe — G_é* = 0. (©.7)

24 _ H+3¢/2 20 _

35To connect with discussion in the appendix E, we defined the warp factors e and e

ule H-9/2,
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Acting on this relation by (1 —il',, Py), we find

o, [au (A - %ﬁ) + ae 0y fg] € — 2ie74CT0; fsTqe — (1 — il Po)G_€* = 0. (C.8)

Notice that our ansatz implies that the expression is square brackets vanishes:

1
Ou(A — %b) + ae 40y f3 = 5eH/2+¢/4(au — AyBy)H + au™*eH/20/49,, 3

o®/A—3H /2

= ——— [(0u — AyOy)e*" — "0, A,]

4
o®/A—3H /2

= [0, — 0,0,F]

4
=0,

then equation ([C.§) can be simplified further:

— ae’4cl“uw1“i8ifge — (G_)ul“ue* =0
—a€_4CFiaif3€ — bi(G,)ul‘nge = 0.

Acting on this relation by the (I',I',I'q — ia), we derive a restriction on G_:

(G )iwul'il'123¢ =0 (G- )iwu = 0.

This implies that one can choose a gauge
G_ = i e??d hydz®
2 [Eljk k ] 9

and various components of G_ become

(C.11)

(G )u = 3ie 2450/ ¢, (9, — AuOuw)il,  (G_)123 = i€/ 302 0;h;. (C.12)

Plugging this into the equation ([C.9), we find and equation for h;:

au e 9, f5 + 6b(0y — Aydy)hi| Tie =0:  6b(dy — AyBy)hi = leZHaiAu. C.13
[ 1

Let us now look at the remaining piece in (C.1):

(1+ il Po) [ﬁ(A — Zqﬁ)e —ie710 pfsTqe — Ge*] = 0. (C.14)

Multiplying this by (1 — ial'y,,I'q) and making simplifications, we find

[anx(A - %(ﬁ)e - (G_)wl“we*} —0

1 .
|:§anxH - ’Lb(G,)WF123
1 .
§€7H/2+¢/4FiaiH—|—3b€H/27¢/472H67H+¢/26ijkawhk1ﬂ]r123

1
[ieQHFiaiH — 660y hi Ty
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e=0:
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To summarize, at this point we have two equations for h;:
24bOyhy, = Oe®H,  24b(8, — Aydw)hi = €219, A,, (C.16)

and they can be combined to produce a relation for 0y h;:
24bdy by = 0;(e* A,) = 8,0, F. (C.17)

In this form the equations for h; can be easily integrated and we find a solution up to
z-dependent functions:

24bh; = O;F + 24bili (.%')

Notice that due to the definition (C-11]) the functions h;(x) appear in the flux only through
G = d;hi. Suppose that § # 0, then making a shift F — F — 24bA; 1§ we absorb § in F, so
without loss of generality we can set § = 0 and h; = 0:

24bh; = O, F. (C.18)

We have analyzed various projections of the equation ([C.7) to derive ([C.11) and (IC.19),
now we use these relations to simplify ([C.7):

[Fwaw(A - ZQS)E - iu_462H+¢I‘u8uf3FQe - 6(G,)123F1236* =0

. -
5@*3¢/4*3H/2rwawﬂe — uAPH2HONT (8, — Aydy) falge — 6ib(G_)1230we| = 0

1 -
[iawH —au 29, — A,0,) f3 + 6be*?0;h;| = 0.

Here we used the projector I'ge = —ial',T'ye as well as the expression ({C.12) for (G_)1a3.
Writing h; in terms of F' and f3 in terms of A,, we arrive at the equation

20, H 4+ u=4e 4299, — A,0,)(urAy) + 20,0, F = 0, (C.19)

which is equivalent to ([C.7).
At this point we have confirmed two out of three projectors appearing in (C.2) and
now we look at the dilatino projector:

% Dode + iefﬂs/?*f‘ LoD + G_e* = 0. (C.20)

Acting by various projectors, we find:

(1 —iTuPo)(1 —ialywlg) : e ®/27 ATy e + 2(G_)ulue* = 0,

(1 —iTyPo)(1 +ialy L) : ThOupe 4+ e~/ 2 AT™y  Te* = 0,

(14T Po)(1 —ialywlq) : TFdcge + e 2 ATFY T + 2(G_)wlwe® = 0,
(1 +iTyPo)(1 +ial'yq) @ TY0wde + 12(G-)123T123¢" = 0.
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Although we already have a reasonable guess for w (which we have not used so far!), it
might be useful to relax it by setting

Hs = 2w A dt (C.21)

and to derive the expression appearing in ([C.1)).
Using relation €* = ibl',,I"123¢, we eliminate €* from projectors:

[—e*w/‘**H/?r’fwukrt + 2((;,)“] e =0, (C.22)
[au¢e - ibe_5¢/4_H/2wuthF123] ¢ =0, (C.23)
[—ibrgzlr’fame + e BP/A-H/2Dk D4 2(G,)w] e =0, (C.24)
[Ow¢ + 12ib(G_)123] € = 0. (C.25)
Substituting the value of (G_)123 from ([C.13), we can simplify the last equation:
1200;h; = € 220, ¢. (C.26)

Recalling the projection T'yI'1a3¢ = ibce, we rewrite the equation ([C.23) as an expression

for wyy:
Wuw = —ce®* T (9, — A,04) 0. (C.27)

The same projection can be used to eliminate I'; from ({C.29) and (C.24). To analyze these
two equations we use the expression () to evaluate

(G_)ul123 = —6ie /245014, — A,8,)hi T,  (G_)wDios = —6ie H/2T0/19, h, TF.
Simplifications in the equation (C.24) give

[c@k(ﬁe + e*5¢/4*H/2wkw + 12bce*5H/2+¢/43whk] T'e=20

O + e 2972 H 0+ 12bce 21 dyhy, = 0 (C.28)
Wew — —gak€2H+2¢.

To arrive at the second equation one should notice that Ap'ye = 0 implies Ay = 0 if all
A;. are real.

Finally we simplify equation (IC.22):

[—e—5¢/4—H/2wuk + 12beeH/2450/4 (9, Auaw)hk] ke = 0

—e_2¢(wuk — Aywyk) + 12b¢(0y — AyOy)hy, = 0
—e 2w + 12bc0y by, 4+ cAye? o = 0

Wk = gak(e%auF). (C.29)
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Notice that equations ({C.27)—(IC.29) imply that

w = —gd(62¢+2Hdw + 62¢8uqu) + @, (C.30)

where two-form @ can only have legs in the directions z* and it has no u— or w-dependence
(from now on we will assume that such contribution is absent). This clearly repro-

duces ([C.28) and (C.29), to check (IC.27) we compute

{—%d(eQQH'QHdw + 62¢8uqu)] = —% {au(62¢8wF) - aw(62¢(9uF)}

uw

= —ce?? (OwF Oy — 0y FOy) ¢
= e (5, A,8,) 6. (C.31)

This confirms the expression for w which can also be rewritten as
w= —gd(e2¢8dew + €220, Fdu). (C.32)

To summarize, we analyzed the projectors appearing in ([C.9) and showed that they
reduce to (C.11)), (C.19), (C.19), (€.29), ([C.32). Three of these relations give expressions for
the fluxes, while (C.19) and ([C.24) lead to differential equations which should be satisfied
by F and e?:

00 F = —Oye 29, (C.33)
ute M 9,e 21720 — (9, — Audy)(u' Ay) = 0. (C.34)

These relations are obvious generalizations of (B.4), (B.7).
Thus we see that the gravitino and dilatino projectors confirm the ansatz ([C.J]), more-
over they lead to the unique expression for the Fj:

G- = %ewd (€310, Fda' | (C.35)

and to differential equations (C.33), (C.34). In the next subsection we check that the
differential equations for € are also consistent with this solution.

C.2 Checking differential equations

Let us check the x, © and w components of the gravitino equation. Starting with the
general expression for the spin-connection

Wy = [e”A(auef — Byef) - epAeUBefapeg(;] Cag, (C.36)

we compute its component along xy:

1 1
o = (0T = e w0 (H = 5 ) = 5 by (1= )
- €2H+¢8kAuPuw - ’Yyk;ay <H — %) . (C?)?)
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Then the k£ projection of the spinor equation becomes
—4C
2

1 1
O + 162H+¢3k(6_2H8uF)Fuw} €— Zv”k&, <H - g) €+l Dfsyelqe (C.38)

(16— 2 Ghe” = 0.

Projector ([C.7]) and equation for the dilatino can be used to compute

i Get = (Gy+G_)e" = %ﬁ(ﬁe +2G_€" = P24 — ¢)e — 2ie™*C Pfslqe.  (C.39)

This leads to simplification in the differential equation:

1 1 1
(9k+—62H+¢8k(ef2HauF)Fuw+Zak <H + %)} 6—5’}/1/]68,/}[6—{—1'6740’)/”]?8,,]031196 (C.40)

4
1 uv *
—g’)/ Guykﬁ = 0.
It is convenient to decompose a three-form G as
G=GH4+a): W =g, ) =ie? R, (C.41)
and evaluate the contributions of G(*) and G(-) separately:
1
ng;;Ldm“” — 929, [e2¢+2H(dw + Audu)] Adt
G;(L)ﬁfy“” = —2ce #2920 T2H —2H=30/2D Tt _ 902t o9, A T, T

= —92ce?H+20 [Bke*w*ﬂ{ — ei(bakAuFuw] LIy,

G = 24%e¢/26ijk(9“hkdx“dmij = 24je?/? {aihidxmg + QTjk@ohkdyadxij] :
GE;LWW — 2Uie?/? {26_H+¢/28ihi1“1231“k 2oy e—H/2+¢/4I«4
= bi6¢/2 [2€7H+¢/23i82‘FF123Pk — 2eijk803ijy”e*H/2+¢/4Pi] .

In the last two equations index o goes over coordinates u and w. Substituting these results

into (C.4() and using projectors (C.5), (C.6), we find

[819 — i@k (H + %)} €— %vyk&,HG + i67407”k(9,,f3fge
—%e(bﬂ [eiHﬂs/?AxFI’k(iwa)e — eijk(%ajFWUefH/2+¢/4I’ie*] =0.
To eliminate €* we use the relation
€ijrli€” = ibe;jp T oge = —ibl, Ijie, (C.42)

and we also recall that

1
ie’4C’YVk0Vf3PQe = _Zeﬂﬂ%%’f’kau(U4Au)ruw€- (C.43)
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Using this information, one can rewrite the differential equation as

[ak — —(9k (H + 3¢>] €— %Wyk&,He — 362H+¢u_47”k6,,(u4Au)Fuwe

—|—Ze¢/2 [—e*HW?awe*wrkrw + 0,0;F e HIZHOMAD Dol e = 0. (C.44)

It is convenient to do a separate analysis of different terms appearing in this equation. We

begin with contributions proportional to I'j:
1 L oomyvg, —4q 4
—§3jHe — ¢ u 05 (u” Ay)T e
1
e’ [(FueH/2+¢/4(8u ~ Audy) + rwe—3H/2—3¢/4aw)ajF} eH/2H0/AT, o

1 1 1
— < — SO H + ZB_QH(?J-&UF>6 -3 [62H+¢u—4aj(u4Au) — (8 — Au0y)0jF | Type
1 1
1672H(—8]’62H + 00, F)e — 1 [62H+¢8j(u4Au62H) — ed’@uajF} Tuwe.
Both terms in the right hand side vanish due to the definitions ([C.1)). Now we collect the
remaining contributions to (C.44) which contain T':

1 2H+¢ 4 1 H 2
[57030}]4— i 70y (u Au)Fuw} €— Ze* 20,672 e

_ iru [261{/2+¢/4(3u — Ad)H — e2H+<;5673H/273(;>/4&UAU} c

2H+
J&r [26311/2 849, H + ———ef/2+9/4(9, — A,0 )(u4Au)—eH+¢3w62¢] €
u

—3H/2+¢/4
— %Fu [8u62H — Bw(AueQH)] €
o—3H/2-3¢/4 CAH+20
—i—ffw [28101{ + (0w — AuOu)(uAy) + e2¢’8,~8,~F] €

The right hand side of this expression vanishes due to (C.])) and ([C.19). We conclude that
equation ([C.44) reduces to

|:(9k — —ak <H + 3¢>:| =0, (C.45)
which implies that
€ = exp E <H + %)] eo(u,w). (C.46)

Next we check w components of the differential equation:

—4C’

vw6 + i ﬁf37wrﬂe + 96( - 2{,G, 'Yw})E* -

1 1
Ve + iu 22107 5, f3Tge + 7w PD(2A — p)e — gfy‘“’GWwe* = 0. (C.47)

,67,



The spin connection along w direction is
1 3
Wy = 210, ATy — 1 [ﬁ(?)H + g),ww} — e3H/2+3¢/47“”(9“el‘f’. (C.48)

We also need the expression for v*/G ., €":

1
gGﬁzvdx“" = —ce 9?9, [e2¢+2H(dw + Audu)} Adt + cef¢/2(9ﬂ [e2¢+2H] dxt N dt -

G(+)

ol —9 {672H72¢8we2¢>+2Hrw + 62H+¢8wAuFu _ o H/2-5¢/4 /862¢>+2H] It

=

= —2¢e?Ht20 [8“}6_2(75_2[{ - e_¢3wAuFuw] Iy — 2ce H/2-50/4 ﬁ62¢+2HFt,

GO = 12ie¢/26,~jk(9ﬂhkdx“dxij :
Gf;) ~HY = 24i6¢/2EijkeiHJr(b/QawhkFij = 48ie*H+¢’8whkaF123,

rw

1 1
gVWGWwe* = —162H+2¢ [&Ue_%_ﬂ{ — e_qb(?wAuI’uw} €

1
—ZefH/275¢/4 /062¢+2wa6 — 6be HT29, i DT e. (C.49)

Substitution of these expressions into ([C.47) gives a complicated equation. We begin with

analyzing the coefficient in front of I'g:

3eftH 1 S+ H
[ S <H+ ¢> Ly — Z€H+¢7yak€y+Z'€3H+2¢Fwakﬁfg SR ) <H+ g)] €

42 2 4
1 1
+167H7¢8ke2¢+2HFw6 + 167H+¢3wakppw€ (C.50)
3 3 1 10) 1 1
—pttH | [ _2 _ 2 _ H+ Z Z H Z
e [( 33 4> 8k< +2>+23k((b+ )+28kH] Tye
+ |:_%6H+¢7u63H/2+3¢/48kAu _ 63H+2¢8k <_%> Fu:| €.

One can see that the right hand side is zero, so equation ([C.47) does not contain terms
with I'y. Next we look at the contributions proportional to I'y€:

1 1 3
1 [eQHWawAu ~ 5€uls <3H + ;) — 3H/2+3¢/ 46‘”8063} Cywe (C.51)
1 1
—Ze(’w&, <H + g)ruwe + 1 [—€2H+¢8wz4u + e_QH_weOw@Uez‘HQH} Lywe
11 3
— Z |:§anao ( —H+ 7¢> _ €3H/2+3¢/4€UT8067V.V:| Tow€.

Using relations
63H/2+3¢/4607606:v — geawaa (H + %) + 63H+3¢/2€Uu8014u,

€3H+3¢/260u3014u _ —e2H+¢3wAu,

€ wOoH = e} el 0. H
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= 2199, — A,0,)H
¢
- % (0,00 F — 0,(e* A,) + 28, A,

1
= ) 62H+¢aw Ay,

we conclude that the right hand side of (C.51)) vanishes.
Thus the left hand side of the equation ([C:47) reduces to expression which does not
contain gamma matrices:

Dy — au~ 1?1+ 0e¢7 B f5 + %aw (H + ?> — iaw@ + H)} €

2 2
eAH+2¢ 1 10}
— - — A 1A — H+ =
1 1 ¢
= |:aw - §8w(H+ ¢) + Zaw <H+ §>:| €
_ 6H/4+3¢/88we*H/4*3¢/86, (C.52)

and it vanishes if €y in (C.44) does not depend on w. This completes the check of the
equation ([C.47).

At this point we have shown that the geometry ([C.1)) satisfies all equations for the
Killing spinor, except the u projection of the gravitino equation. Rather that checking this
last relation explicitly, we multiply the differential equation appearing in ([C.2) by v# and

sum over six indices corresponding to (t,u,w, x;):3¢

6 1
YV e — Siu4e?H+? pfsToe + Zﬁ@A —¢)e — gW“WQﬁGa/BMG* =0. (C.53)

Notice that this relation is equivalent to the u component of the gravitino equation since
all other components were already shown to vanish. Let us simplify the left hand side of
the last equation:

S = V“Vﬂ—Biu462H+¢ﬁfgfg+;ﬁ<H+g>] €e—3 [,@(H—i—g) —2iu~ 42 pfTq | €
L 4 oHtve o 4 3 ¢
=V e — e D(u*Ay)Tye — 5/9 H + 5 )€ (C.54)

We have used first projector in ([C.5) as well as expression for f3 from (C.IJ). To proceed
we evaluate
’VMWH = e ﬁefrAB + au’YM’VVp - p’VUrVPU = e2Hto DAL o + anMU’VU’VVm

v 1 v v v
09" vy = ) L g" (Vo T — Gou” )= 'Yuaugu - ﬁguaga,u- (C.55)

Substituting this into the right hand side of (|C.54), we find

e2H+¢

1 3
S = et 10p0u" = P goy)e - A Tue — 3 (4 5 )

30We also used (IC.39) to eliminate %w”yu SGe*.
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1 - 1 - 65(H+¢/2)/2A r 3 T )
—/564‘1’)’;& Vg +Zﬁ( +¢)€—T u w€_§ﬁ< +§>€
—H4+¢/2 5(H+¢/2)/2
_ eH/4+3¢/8 ﬁ(e_H/4_3¢/86) + %,me 8V(6H—¢/2guu) _ #Aufwe_

The first term in the right hand side vanishes due to relation ([C.4() and the fact that €
is a constant spinor. Recalling the relevant six-dimensional metric

ds2 = efl=9/2 [—ewdt2 + dx3 4 e 2Hau? + 2012 (du + Audu)Q} = eH_WQngx“dx”,

we can simplify .S even further:

o—H/2+0/4 eD(H+¢/2)/2
S = fﬁﬂe o, (g") — TAHI‘U,E
—H/2+¢/4
= % [ﬁue {—&U(AUGQH) + aueZH} — ée‘(er‘F(zbzélltl‘ll,e
U
+Ywe {aw(eiﬂ_liw + AZBQH) - au(Aueﬂ_I)}}

o—H/2+0/4

=0 [(eHFu + 9T A D y)e {—0y(Aue®) + 0,21}

4
+e?THT e {aw(e—QH—%rAie?H) — 0y (A — —eZHAu} ] .
u
Expressing the terms proportional to I'ye in terms of F (see ([C.1])), we conclude that
they cancel out and one only needs to analyze the last line of the equation written above.
Substituting the expression for 0,,e~2772? from ([C.34), we arrive at a relation

oH/2+5¢/4

S = Tl‘we [Au(?w(AueQH) - AuaueZH)] , (C.56)

and the right hand side is clearly equal to zero. Then we conclude that equation (C.53) is

satisfied by the system (C.J]), (IC-17)), (C-33), (C.39).

To summarize, in this appendix we generalized the metric (@) to the situation without

SO(3) symmetry and we explicitly checked that all dilatino and gravitino equations are
satisfied for the resulting solution. The SO(5) symmetry can be lifted in the same way,
and introducing minor modifications to the procedure outlined in this appendix, one can

check that a more general geometry ([.1)) is also supersymmetric.

D. 1/2-BPS geometries and near-horizon limit

In section ] we constructed geometries preserving eight supercharges along with SO(5) x
SO(3) isometries. It is natural to ask whether some special solutions can have an enhanced
supersymmetry. In the case of asymptotically-flat space the answer is well-known: to
preserve 16 supercharges, one should set two out of three field-strengths (Hs, F3, F5) to
zero. The resulting solutions describe sets of parallel branes with flat worldvolumes. In
the spaces with AdSs x S° asymptotics the situation is different, and it is possible to find
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1/2-BPS geometries with all fluxes being turned on [[1], [, [4]. It is interesting to find
a relation between these solutions and the metrics constructed in this paper. We outline
the procedure for embedding the solutions of [[J] into the ansatz (B.§) in section B.J and
in this appendix we provide some computational details.

In section [l.4 we showed that starting with an asymptotically-flat solution one can
construct a geometry with AdSs x S° asymptotics by taking a near-horizon limit (f27).
If this limit is applied to a metric produced by a stack of flat D3 branes, one arrives at
AdS5 x S° which preserves twice as much supersymmetry as the original solution, and it
is very natural to ask whether similar enhancement happens for a more general 1/4-BPS
state. This problem is analyzed below and we find that a D3 brane metric is the only
solution which has an enhanced symmetry in the limit (£.27).

We begin by embedding the solutions with SO(5) x SO(3) x SO(2,1) symmetry into
a more general class of geometries described by (B.§). To do this we need to recall the
metrics found in [(2):

ds?® = yeS 912 dHZ + yeF9/2d02 + ye~ 2403 + (dz* + dy?). (D.1)

6 ¢
2y cosh G
The warp factors entering this expressions are specified in terms of one harmonic function
and we refer to [[[J] for details. Here we will need only one of the equations satisfied by

the warp factors:

d(S — G —2¢) = (e Cdy + F(yeS %)~ 2dy), (D.2)

" ycoshG
F = \/ye_¢/2(65 — G — e G).

To find the map between coordinates (x,v,2) used in (D.I]) and (u,v,w) describing (B.9),
we begin with relations (B.13):

eH =y 26572 42 = yel=C = 2,265-G20 42 _  G—H _ ,—2,=5+G+2 (] 3)

This leaves only one undetermined coordinate w. Unfortunately we will only be able to
find an expression for its differential. Let us introduce a scalar w, and a one-form w which

has legs in two dimensional space spanned by x,y:
A (dw + A) = (0 Fdw + 8, Fdu) = w.dz + w. (D.4)
Substituting this into (B.§) and matching the resulting metric with (D-]), we find a relation

Sd22

= m(de +dy?) = e dv? + e Hdu® + e 2 (w,dz +w)?. (D.5)

ye
Extracting the coefficient in front of z~2dz?, we determine w,:
w, = y/2e(5—40)/240/4 (D.6)

To find w we look at the coefficient in front of dz:

— 3 H e S+CG+2¢ 4 e_sz(erS_G_2¢) +2e H¥200, 0 =0,
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then using equation (D.J) we compute
e—(S/2+6/4) [
VIF

67(5/24"1)/4)

VYF

To summarize, we found an expression for the differential of w:

Y2572 cosh Gd(S — G — 2¢) + ye® G2y

W = —z

= —z

{—yes_w]:(yes_‘b/z)_1/2dac] = ze . (D.7)

dw + Aydu = e 2H [y1/26(5_4¢)/2+¢/4.7:dz + ze_z‘bdx} , (D.8)

and one can use this relation along with (D.J) to recover a unique set of coordinates (u, v, w)
starting from any solution with SO(5)x SO(3) xSO(2,1) symmetry. As a consistency check,
we observe that the substitution of (D.§) into (B.H) gives an expression for the NS-NS 3-form
Hs = df (z,y) A volaqs which is expected for the solutions with SO(2,1) symmetry.

So far we started with an assumption that geometry (B.J) has a hidden SO(2,1) sym-
metry and showed that such solutions can be matched into the construction of [[Z]. Un-
fortunately, a metric containing AdSs x S? x S* factors cannot be asymptotically flat, so
this match is useful only for the geometries with AdSs x S® asymptotics. However, one
can still start from a metric produced by branes in flat space and hope that a symmetry
gets enhanced in a certain limit (for example, starting with a geometry produced by D3
brane and going close to the source, one finds AdSs x S°), it would be interesting to see
whether a region with SO(2,1) x SO(3) x SO(5) isometry can be recovered from a generic
asymptotically-flat solution (B.). A natural generalization of the near-horizon limit for
this case has been proposed in section [£.4] and now we will analyze whether it is possible
to enhance the symmetry from SO(3) x SO(5) to SO(3) x SO(5) x SO(2,1) in this limit.

We begin by recalling the “near-horizon map” (f.27) which transforms any
asymptotically-flat solution into a geometry with AdS® x S° asymptotics:

u=ct, el=ee, v=c'9, w=e¢3w, t=¢', F=¢F. (D.9)

Let us look at various fields in the limit € — 0:

e? = foluv, udw,u) — fo(ad, @w,0) = 6(73,
3

e = 20 fy (wv, vPw, u) — @ f1(av, @w,0) = QQeﬁ, (D.10)
Ay, = ut fo(uv, wPw,u) — 0 fo(an, iPw, 0) = a1 A,

F = e tufs(uv, vdw,u) — afs(ad, @w,0) = aF.

Assuming that the translational invariance in t gets enhanced to SO(2,1), we take the
metric of the resulting AdS space to be —z2dt? + dzi;. Then it is convenient to use z as one

of the coordinates, and we will call the two remaining coordinates x = 40 and y = 43

w, SO
that (u,v,w) are functions of (z,z,y). An assumption of the enhanced symmetry requires
the dilaton and warp factors of the spheres to be z-independent and it also imposes a
relation g ~ 22. The only consistent way to satisfy these requirements is to make the

following rescalings:

U=z, 0=z 10, W=z (D.11)
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and to assume that all variables with hats are functions of z and y only. Then we can
rewrite (D.10) in terms of "hatted functions” which depend on z and y:

e =ef o = 2H A, =2"%A,, F=:zF. (D.12)

Substituting this into (B.) we observe that z disappears from RR fluxes?” and from the
warp factors in front of S? and S*. The remaining part of the metric and NS-NS three-form

become
ds? = _eH+39/2,2 472 + eH_‘&/QZ'Qd(z_lﬁ)2 + e_H_‘i/QZ'_Qd(zzl)2
o2 HH30/2 [d(zﬁ‘) - af,(zﬁ)d(z*l@)} :
Hy = —5a{e [d(=F) — ou(=F)a(="9)] } A dr. (D.13)
A necessary condition for the SO(2,1) invariance is a particular z-dependence of Hs:
Hs = df Adz A dt (D.14)
and comparison with (D.13) implies that
Q=d {e2¢3 [dﬁ - z*Qaﬁ(zF)d@} } . (D.15)

should vanish. Since we are dealing with three functions (4, v,w) which depend on two
variables (x,y), we can impose a gauge @ = 1, then 03 = 20, and we find a simpler

expression for :
Q=d {6243 [dﬁ - amﬁdx} } =d {e%ayﬁdy} = 0,(eX8,F)dx Ady.  (D.16)
Thus the assumption of SO(2, 1) invariance translates into the relation
0x(e200,F) = 0, (D.17)
which can be reformulated as xz-independence of the following function:

e

=, O.f = 0. D.18
O (D.18)

f=

Let us write the equations (B.6), (B.§) in the & = 1 gauge:

. F
Oy F

37For example, to see that F3 has no z dependence, we compute 295 F — 2262020, F = 92020, F.
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To arrive at (D.2() we used the following manipulations:

aF’u,v = Zaﬁ,

Oy = Oy <z31@<5,uv>>
u

= 273w + (FOp — ©0,)0),
O (U Oyw) o = 27 H(FOp — 20,) (310 + (FOp — 20y)1).

It is convenient to eliminate dilaton from equations (|D.19), (D.2(]) and rewrite them in

A

terms of f(y), F(z,y). Then we arrive at the system

Oy(fO,F) + ALF =0, (D.21)
o o N 1 o o
Oyf + |(F + 20,F)0, — xayFax} By o (F 4 a0 F) | =0, (D.22)
Y

To simplify the last equation we used the relations

A 1. - 1

== —Aay.
o, F d, F

Thus we arrived at a system of two PDEs for one function of two variables F (z,y) and one
function f(y). Since these differential equations are independent and f does not depend
on x, one can easily show that there are no solutions with nontrivial z-dependence.

To summarize, we started with an assumption that a near-horizon limit of an
asymptotically-flat solution (B.H) has an enhanced SO(2,1) symmetry, this led to the re-
quirement ([D.1§), which in turn implied the trivial 2-dependence in the solution. Of course,
there are many interesting geometries with SO(2, 1) x SO(3) x SO(5) isometries [12], however
they cannot be constructed as a near horizon limit (f.27) of solutions with flat asymptotics.
The exceptions are z-independent solutions of (D.21)), (D.22)3® and now we will show that
the only such solution is AdSs x S°.

Example: AdSs; x S°. Let us assume that function F does not depend on x. Then
equation (D.21)) implies that the dilaton is constant (e=2¢ = fﬁyﬁ ). One can proceed by
solving equation (D23) to find F(y), but it turns out that there is an alternative route

which leads to a simpler equation. Once we know that the dilaton is constant and there is no
_9H — Ot

x-dependence in the system, the equation ([D.2(]) can be rewritten in terms of e A
Dpe 220 1 (F20, + 4F)e 20 =0, (D.23)
This equation can be easily solved:
R 4
e 2H — @ - @ (D.24)

(14e20F2)2 (22 + X F?)
and the metric takes the standard form (for simplicity we set €2? = 1):
ds? = 22e [—dt2 + dv? + v2dQ§] + 22 H [du2 + u?dQ3 + (dF — 8dev)2]
= 2%l [—dt® + dv* + v*dQ3] + 22l [d2? + 2%dQF + dF?] . (D.25)

38Notice that in this case we have two ODEs for two functions of y.
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